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Abstract
Let G be a graph of order n and let e ∈ E(G) and e′ ∈ E(G) ∪ {e}. If the graph
G − e + e′ is isomorphic to G, we say that e → e′ is a feasible edge-replacement. We
call G a local amoeba if, for any two copies G1, G2 of G that are embedded in Kn,
G1 can be transformed into G2 by a chain of feasible edge-replacements. On the other
hand, G is called global amoeba if there is an integer T ≥ 1 such that G∪ tK1 is a local
amoeba for all t ≥ T . We study global and local amoebas under an underlying algebraic
theoretical setting. In this way, a deeper understanding of their structure and their
intrinsic properties as well as how these two families relate with each other comes into
light. Moreover, it is shown that any connected graph can be a connected component
of an amoeba, and a construction of a family of amoeba trees with a Fibonacci-like
structure and with arbitrary large maximum degree is presented.
1 Introduction
Graphs called amoebas first appeared in [3] where certain Ramsey-Tura´n extremal problems
were considered, which dealt with the existence of a given graph with a prescribed color
pattern in 2-edge-colorings of the complete graph. More precisely, amoebas arose from
the search of a graph family with certain interpolation properties that are suitable for the
techniques to show balanceability or omnitonal properties, see [2, 3] for a deeper insight
into this matter. For the interested reader, we refer to [1, 6, 7, 9, 10, 12, 14] for more
literature related to interpolation techniques in graphs. The feature that makes amoebas
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work are one-by-one replacements of edges, where, at each step, some edge is substituted
by another such that an isomorphic copy of the graph is created. Similar edge-operations
have been studied, for instance, in [4, 5, 8, 11, 13]. We note here that, in this paper, we will
distinguish between two different graph classes which we will call local or global amoebas.
The amoebas defined in [3] correspond to the class of global amoebas.
Suppose we have a graph G embedded in Kn, where n is large. A global amoeba is,
informally, a graph G that can be transformed into any other embedded copy of it by a series
of substitutions of an edge by another, preserving in each step the structure of the graph,
i.e., such that we obtain an isomorphic copy of the previous graph. For example, it can be
easily checked that the path Pk on k ≥ 2 vertices is a global amoeba: say P = v1v2 . . . vk
is embedded in Kn. Then we can remove the edge vk−1vk from P and include the edge
v1vk, so that the new graph is again a path on k vertices. Similarly, we can take any vertex
v ∈ V (Kn) \ V (P ) and substitute the edge vk−1vk with the edge vk−1v. With these two
operation-types, we can obtain a series of paths whose last member is certain given copy P ′
of P . Clearly, such a chain of operations can happen if n is large enough and it is not clear
at a first look how large the n needs to be at least. Interestingly, it turns out that we just
need n to have one unit larger than the order of P , and that occurs for any global amoeba.
This is shown in Theorem 3.7, which is a major achievement of this paper. A family of
graphs that is closely related to global amoebas are those which we call local amoebas and
their definition is the same as for global amoebas with the only difference that they are
assumed to be embedded in Kn(G). It is easy to see that paths are local amoebas, too.
However, for example, a complete graph minus an edge is a local amoeba but not a global
amoeba. We will give these and other more detailed examples further on, which will also be
shown formally to which family they do or do not belong. The direct connection between
these two graph families can be already seen in their formal definition (Definition 3.1), that
will be given further on.
A first encounter with amoebas gives the impression that such graphs are very rare
and have a very simple structure. This, however, is not the case and amoebas may have
quite a complicated structure. In this paper, we consider amoebas in detail focusing on
several methods to build and to characterize them. In order to formalize all concepts and
set definitions, we need first an algebraic theoretical setting. This approach may appear
unnecessarily complicated on a first glance, but it will reveal its power soon.
The paper is organized as follows. In Section 2, we present the group theoretical back-
ground with which we will be able to model how the operations that we will be performing
on a graph G, the so-called feasible edge-replacements, work such that always isomorphic
copies of G are obtained. With the help of this algebraic setting, we will formally intro-
duce, in Section 3, the concepts of global and local amoeba, and we will demonstrate several
structural properties of both graph families, establishing also very clearly the relation be-
tween them as well as their differences. In order to show the purpose of the results, we will
illustrate with abundant examples. Finally, in Section 4, we will present some interesting
constructions of global amoebas. In particular, we will show that any connected graph can
be a connected component of a global amoeba, from which follows that, for example, we
can have global amoebas with arbitrary large clique or chromatic number, and we will con-
struct a family of global amoeba-trees with a Fibonacci-like structure and with arbitrary
large maximum degree.
2
2 Theoretical setting
Let [n] = {1, 2, ..., n} and let Sn be the symmetric group, whose elements are permutations of
[n]. The group of automorphisms of a graph G is denoted by Aut(G). Thus, Aut(Kn) ∼= Sn
where Kn is the complete graph of order n and, for any graph G of order n, Aut(G) ∼= S for
some S ≤ Sn. Let V = {v1, v2, . . . , vn} be the set of vertices of Kn. Let G be a spanning
subgraph of Kn defined by its edge set E(G) ⊆ E(Kn) and let LG = {ij | vivj ∈ E(G)},
where we do not distinguish between ij and ji. For each σ ∈ Sn, we define λσ : V → [n] as
the labeling of the vertices of Kn defined by λσ(vi) = σ(i) and consider the copy Gσ of G
embedded in Kn defined by
E(Gσ) = {vσ−1(i)vσ−1(j) | ij ∈ LG}.
Hence, each labeled copy of G embedded in Kn correspond to a permutation σ ∈ Sn and vise
versa. Observe that, for every (non-labeled) subgraph G′ of Kn isomorphic to G there are
|Aut(G)| different labelings of V that correspond to G′, that is, the set {σ ∈ Sn |Gσ = G′}
has |Aut(G)| elements. Moreover, {σ ∈ Sn |Gσ = G} ∼= Aut(G). We will set
AG = {σ ∈ Sn |Gσ = G}.
Example 2.1. Let G = P4 with V (P4) = {v1, v2, v3, v4} and E(P4) = {v1v2, v2v3, v3v4}.
Thus, LG = {12, 23, 34} and {σ ∈ S4 |Gσ = G} = {id, (14)(23)} ∼= Aut(P4). For G′, the
isomorphic copy of G defined by E(G′) = {v1v3, v2v3, v2v4}, we have two permutations,
namely (23) and (14), that satisfy G(23) = G(14) = G
′. See Figure 1 to visualize the
corresponding labelings and observe that, in all cases, E(Gσ) = {vσ−1(i)vσ−1(j) | ij ∈ LG}.
For example, if σ = (23) then E(Gσ) = {vσ−1(i)vσ−1(j) | ij ∈ LG} = {v1v3, v3v2, v2v4}.
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<latexit sha1_base64="wtNZ9oSJfWnLD5 GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uK UTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq +UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph 836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Q efl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlSb3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZz LhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUG HJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfWnLD5 GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uK UTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq +UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph 836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Q efl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlSb3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZz LhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUG HJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfWnLD5 GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uK UTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq +UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph 836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Q efl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlSb3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZz LhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUG HJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfWnLD5 GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uK UTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq +UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph 836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Q efl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlSb3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZz LhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUG HJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE</latexit>
v1
<latexit sha1_base64="5p65JHMab/0nXm 4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uK UTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq +UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph 879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEao vHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHapNbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5 lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AID Ds/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/0nXm 4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uK UTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq +UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph 879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEao vHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHapNbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5 lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AID Ds/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/0nXm 4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uK UTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq +UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph 879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEao vHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHapNbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5 lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AID Ds/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/0nXm 4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uK UTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq +UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph 879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEao vHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHapNbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5 lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AID Ds/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD</latexit>
v3
<latexit sha1_base64="WR2xPiXDe5znNE cUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZO mP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2dd lWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9V a3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7I VZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBug THKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n 68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNE cUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZO mP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2dd lWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9V a3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7I VZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBug THKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n 68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNE cUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZO mP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2dd lWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9V a3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7I VZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBug THKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n 68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNE cUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZO mP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2dd lWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9V a3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7I VZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBug THKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n 68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit>
v4
<latexit sha1_base64="iZ1GZKSv+9Do9Z H43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1 s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6p np51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67 PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYR Ki9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7E zGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCB AYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9Z H43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1 s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6p np51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67 PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYR Ki9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7E zGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCB AYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9Z H43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1 s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6p np51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67 PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYR Ki9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7E zGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCB AYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9Z H43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1 s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6p np51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67 PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYR Ki9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7E zGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCB AYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit>
4
12
3
v2
<latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE </latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE </latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE </latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE </latexit>
v1
<latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD </latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD </latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD </latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD </latexit>
v3
<latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv 8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3 S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexi t><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv 8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3 S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexi t><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv 8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3 S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexi t><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv 8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3 S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexi t>
v4
<latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19 gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuL hg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19 gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuL hg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19 gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuL hg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19 gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuL hg==</latexit>
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G = G(14)(23)
<latexit sha1_base64="NSlM DFE3abJAVjowzvChk6KM8ZA=">AAAB83icbZDLTsJAFIZPvSLeq i7dNIIJbEiLJLoxIXGBS0zkkkDTTIcDTJheMjMlIQ1Poiuj7nwT X8C3ccAuFPxX35z/n+Sc3485k8q2v4yNza3tnd3cXn7/4PDo2D w5bcsoERRbNOKR6PpEImchthRTHLuxQBL4HDv+5G7hd6YoJIvCR zWL0Q3IKGRDRonSI880i43bhpeWnFq5VL0qz4ueWbAr9lLWOjgZ FCBT0zM/+4OIJgGGinIiZc+xY+WmRChGOc7z/URiTOiEjLCnMSQ BSjddbj63LoeRsNQYreX7dzYlgZSzwNeZgKixXPUWw/+8XqKGN2 7KwjhRGFId0d4w4ZaKrEUB1oAJpIrPNBAqmN7SomMiCFW6prw+3 1k9dh3a1YpjV5yHaqFey4rIwTlcQAkcuIY63EMTWkBhCs/wBu9G YjwZL8brT3TDyP6cwR8ZH9+bpY6m</latexit><latexit sha1_base64="NSlM DFE3abJAVjowzvChk6KM8ZA=">AAAB83icbZDLTsJAFIZPvSLeq i7dNIIJbEiLJLoxIXGBS0zkkkDTTIcDTJheMjMlIQ1Poiuj7nwT X8C3ccAuFPxX35z/n+Sc3485k8q2v4yNza3tnd3cXn7/4PDo2D w5bcsoERRbNOKR6PpEImchthRTHLuxQBL4HDv+5G7hd6YoJIvCR zWL0Q3IKGRDRonSI880i43bhpeWnFq5VL0qz4ueWbAr9lLWOjgZ FCBT0zM/+4OIJgGGinIiZc+xY+WmRChGOc7z/URiTOiEjLCnMSQ BSjddbj63LoeRsNQYreX7dzYlgZSzwNeZgKixXPUWw/+8XqKGN2 7KwjhRGFId0d4w4ZaKrEUB1oAJpIrPNBAqmN7SomMiCFW6prw+3 1k9dh3a1YpjV5yHaqFey4rIwTlcQAkcuIY63EMTWkBhCs/wBu9G YjwZL8brT3TDyP6cwR8ZH9+bpY6m</latexit><latexit sha1_base64="NSlM DFE3abJAVjowzvChk6KM8ZA=">AAAB83icbZDLTsJAFIZPvSLeq i7dNIIJbEiLJLoxIXGBS0zkkkDTTIcDTJheMjMlIQ1Poiuj7nwT X8C3ccAuFPxX35z/n+Sc3485k8q2v4yNza3tnd3cXn7/4PDo2D w5bcsoERRbNOKR6PpEImchthRTHLuxQBL4HDv+5G7hd6YoJIvCR zWL0Q3IKGRDRonSI880i43bhpeWnFq5VL0qz4ueWbAr9lLWOjgZ FCBT0zM/+4OIJgGGinIiZc+xY+WmRChGOc7z/URiTOiEjLCnMSQ BSjddbj63LoeRsNQYreX7dzYlgZSzwNeZgKixXPUWw/+8XqKGN2 7KwjhRGFId0d4w4ZaKrEUB1oAJpIrPNBAqmN7SomMiCFW6prw+3 1k9dh3a1YpjV5yHaqFey4rIwTlcQAkcuIY63EMTWkBhCs/wBu9G YjwZL8brT3TDyP6cwR8ZH9+bpY6m</latexit><latexit sha1_base64="NSlM DFE3abJAVjowzvChk6KM8ZA=">AAAB83icbZDLTsJAFIZPvSLeq i7dNIIJbEiLJLoxIXGBS0zkkkDTTIcDTJheMjMlIQ1Poiuj7nwT X8C3ccAuFPxX35z/n+Sc3485k8q2v4yNza3tnd3cXn7/4PDo2D w5bcsoERRbNOKR6PpEImchthRTHLuxQBL4HDv+5G7hd6YoJIvCR zWL0Q3IKGRDRonSI880i43bhpeWnFq5VL0qz4ueWbAr9lLWOjgZ FCBT0zM/+4OIJgGGinIiZc+xY+WmRChGOc7z/URiTOiEjLCnMSQ BSjddbj63LoeRsNQYreX7dzYlgZSzwNeZgKixXPUWw/+8XqKGN2 7KwjhRGFId0d4w4ZaKrEUB1oAJpIrPNBAqmN7SomMiCFW6prw+3 1k9dh3a1YpjV5yHaqFey4rIwTlcQAkcuIY63EMTWkBhCs/wBu9G YjwZL8brT3TDyP6cwR8ZH9+bpY6m</latexit>
v2
<latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE </latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE </latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE </latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE </latexit>
v1
<latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD </latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD </latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD </latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX 2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD </latexit>
v3
<latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv 8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3 S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexi t><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv 8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3 S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexi t><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv 8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3 S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexi t><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv 8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3 S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexi t>
v4
<latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19 gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuL hg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19 gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuL hg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19 gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuL hg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIV v8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19 gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuL hg==</latexit>
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2
G = Gid
<latexit sha1 _base64="Z+xZM3ssbbTTxgjjo PSQgx04+10=">AAAB63icbZDN TgIxFIXv4B/iH+rSTSOYuCIzx EQ3JiQucImJ/ESYkE65QEM7M2k 7JmTCU+jKqDvfxhfwbSw4CwXP 6us9p8k9N4gF18Z1v5zc2vrG5l Z+u7Czu7d/UDw8aukoUQybLBK R6gRUo+AhNg03AjuxQioDge1gc jP324+oNI/CezON0Zd0FPIhZ9 TY0UO5fl3vp3wwK/eLJbfiLkR WwcugBJka/eJnbxCxRGJomKBad z03Nn5KleFM4KzQSzTGlE3oCL sWQypR++li4xk5G0aKmDGSxft3 NqVS66kMbEZSM9bL3nz4n9dNz PDKT3kYJwZDZiPWGyaCmIjMi5M BV8iMmFqgTHG7JWFjqigz9jwF W99bLrsKrWrFcyveXbVUu8gOk YcTOIVz8OASanALDWgCgxCe4Q3 eHek8OS/O608052R/juGPnI9v SO2Nmg==</latexit><latexit sha1 _base64="Z+xZM3ssbbTTxgjjo PSQgx04+10=">AAAB63icbZDN TgIxFIXv4B/iH+rSTSOYuCIzx EQ3JiQucImJ/ESYkE65QEM7M2k 7JmTCU+jKqDvfxhfwbSw4CwXP 6us9p8k9N4gF18Z1v5zc2vrG5l Z+u7Czu7d/UDw8aukoUQybLBK R6gRUo+AhNg03AjuxQioDge1gc jP324+oNI/CezON0Zd0FPIhZ9 TY0UO5fl3vp3wwK/eLJbfiLkR WwcugBJka/eJnbxCxRGJomKBad z03Nn5KleFM4KzQSzTGlE3oCL sWQypR++li4xk5G0aKmDGSxft3 NqVS66kMbEZSM9bL3nz4n9dNz PDKT3kYJwZDZiPWGyaCmIjMi5M BV8iMmFqgTHG7JWFjqigz9jwF W99bLrsKrWrFcyveXbVUu8gOk YcTOIVz8OASanALDWgCgxCe4Q3 eHek8OS/O608052R/juGPnI9v SO2Nmg==</latexit><latexit sha1 _base64="Z+xZM3ssbbTTxgjjo PSQgx04+10=">AAAB63icbZDN TgIxFIXv4B/iH+rSTSOYuCIzx EQ3JiQucImJ/ESYkE65QEM7M2k 7JmTCU+jKqDvfxhfwbSw4CwXP 6us9p8k9N4gF18Z1v5zc2vrG5l Z+u7Czu7d/UDw8aukoUQybLBK R6gRUo+AhNg03AjuxQioDge1gc jP324+oNI/CezON0Zd0FPIhZ9 TY0UO5fl3vp3wwK/eLJbfiLkR WwcugBJka/eJnbxCxRGJomKBad z03Nn5KleFM4KzQSzTGlE3oCL sWQypR++li4xk5G0aKmDGSxft3 NqVS66kMbEZSM9bL3nz4n9dNz PDKT3kYJwZDZiPWGyaCmIjMi5M BV8iMmFqgTHG7JWFjqigz9jwF W99bLrsKrWrFcyveXbVUu8gOk YcTOIVz8OASanALDWgCgxCe4Q3 eHek8OS/O608052R/juGPnI9v SO2Nmg==</latexit><latexit sha1 _base64="Z+xZM3ssbbTTxgjjo PSQgx04+10=">AAAB63icbZDN TgIxFIXv4B/iH+rSTSOYuCIzx EQ3JiQucImJ/ESYkE65QEM7M2k 7JmTCU+jKqDvfxhfwbSw4CwXP 6us9p8k9N4gF18Z1v5zc2vrG5l Z+u7Czu7d/UDw8aukoUQybLBK R6gRUo+AhNg03AjuxQioDge1gc jP324+oNI/CezON0Zd0FPIhZ9 TY0UO5fl3vp3wwK/eLJbfiLkR WwcugBJka/eJnbxCxRGJomKBad z03Nn5KleFM4KzQSzTGlE3oCL sWQypR++li4xk5G0aKmDGSxft3 NqVS66kMbEZSM9bL3nz4n9dNz PDKT3kYJwZDZiPWGyaCmIjMi5M BV8iMmFqgTHG7JWFjqigz9jwF W99bLrsKrWrFcyveXbVUu8gOk YcTOIVz8OASanALDWgCgxCe4Q3 eHek8OS/O608052R/juGPnI9v SO2Nmg==</latexit> G0 = G(14)
<latexit sha1_base64="f0k3YIjcLNgdj2J8TMB2sOtDk08=" >AAAB7nicbZDLTgIxFIbP4A3xhrp00whG3JAZQqIbExIXuMRELglMSKccoKFzse2YkAmvoSuj7nwYX8C3seAsFPxXX8//Nzn/8SLBl bbtLyuztr6xuZXdzu3s7u0f5A+PWiqMJcMmC0UoOx5VKHiATc21wE4kkfqewLY3uZn77UeUiofBvZ5G6Pp0FPAhZ1SbkVusn1/X+0n JqV7Miv18wS7bC5FVcFIoQKpGP//ZG4Qs9jHQTFCluo4daTehUnMmcJbrxQojyiZ0hF2DAfVRucli6Rk5G4aS6DGSxft3NqG+UlPf Mxmf6rFa9ubD/7xurIdXbsKDKNYYMBMx3jAWRIdk3p0MuESmxdQAZZKbLQkbU0mZNhfKmfrOctlVaFXKjl127iqFWjU9RBZO4BRK4M Al1OAWGtAEBg/wDG/wbkXWk/Vivf5EM1b65xj+yPr4BtWdjcg=</latexit><latexit sha1_base64="f0k3YIjcLNgdj2J8TMB2sOtDk08=" >AAAB7nicbZDLTgIxFIbP4A3xhrp00whG3JAZQqIbExIXuMRELglMSKccoKFzse2YkAmvoSuj7nwYX8C3seAsFPxXX8//Nzn/8SLBl bbtLyuztr6xuZXdzu3s7u0f5A+PWiqMJcMmC0UoOx5VKHiATc21wE4kkfqewLY3uZn77UeUiofBvZ5G6Pp0FPAhZ1SbkVusn1/X+0n JqV7Miv18wS7bC5FVcFIoQKpGP//ZG4Qs9jHQTFCluo4daTehUnMmcJbrxQojyiZ0hF2DAfVRucli6Rk5G4aS6DGSxft3NqG+UlPf Mxmf6rFa9ubD/7xurIdXbsKDKNYYMBMx3jAWRIdk3p0MuESmxdQAZZKbLQkbU0mZNhfKmfrOctlVaFXKjl127iqFWjU9RBZO4BRK4M Al1OAWGtAEBg/wDG/wbkXWk/Vivf5EM1b65xj+yPr4BtWdjcg=</latexit><latexit sha1_base64="f0k3YIjcLNgdj2J8TMB2sOtDk08=" >AAAB7nicbZDLTgIxFIbP4A3xhrp00whG3JAZQqIbExIXuMRELglMSKccoKFzse2YkAmvoSuj7nwYX8C3seAsFPxXX8//Nzn/8SLBl bbtLyuztr6xuZXdzu3s7u0f5A+PWiqMJcMmC0UoOx5VKHiATc21wE4kkfqewLY3uZn77UeUiofBvZ5G6Pp0FPAhZ1SbkVusn1/X+0n JqV7Miv18wS7bC5FVcFIoQKpGP//ZG4Qs9jHQTFCluo4daTehUnMmcJbrxQojyiZ0hF2DAfVRucli6Rk5G4aS6DGSxft3NqG+UlPf Mxmf6rFa9ubD/7xurIdXbsKDKNYYMBMx3jAWRIdk3p0MuESmxdQAZZKbLQkbU0mZNhfKmfrOctlVaFXKjl127iqFWjU9RBZO4BRK4M Al1OAWGtAEBg/wDG/wbkXWk/Vivf5EM1b65xj+yPr4BtWdjcg=</latexit><latexit sha1_base64="f0k3YIjcLNgdj2J8TMB2sOtDk08=" >AAAB7nicbZDLTgIxFIbP4A3xhrp00whG3JAZQqIbExIXuMRELglMSKccoKFzse2YkAmvoSuj7nwYX8C3seAsFPxXX8//Nzn/8SLBl bbtLyuztr6xuZXdzu3s7u0f5A+PWiqMJcMmC0UoOx5VKHiATc21wE4kkfqewLY3uZn77UeUiofBvZ5G6Pp0FPAhZ1SbkVusn1/X+0n JqV7Miv18wS7bC5FVcFIoQKpGP//ZG4Qs9jHQTFCluo4daTehUnMmcJbrxQojyiZ0hF2DAfVRucli6Rk5G4aS6DGSxft3NqG+UlPf Mxmf6rFa9ubD/7xurIdXbsKDKNYYMBMx3jAWRIdk3p0MuESmxdQAZZKbLQkbU0mZNhfKmfrOctlVaFXKjl127iqFWjU9RBZO4BRK4M Al1OAWGtAEBg/wDG/wbkXWk/Vivf5EM1b65xj+yPr4BtWdjcg=</latexit>
G0 = G(23)
<latexit sha1_base64="KQWGpZdwUvA0M/EUEAphwNcidxw=" >AAAB7nicbZDLTgIxFIbP4A3xhrp00whG3JAZNNGNCYkLXGIilwQmpFPOQEPnYtsxIRNeQ1dG3fkwvoBvY0EWCv6rr+f/m5z/eLHgS tv2l5VZWV1b38hu5ra2d3b38vsHTRUlkmGDRSKSbY8qFDzEhuZaYDuWSANPYMsb3Uz91iNKxaPwXo9jdAM6CLnPGdVm5BZrp9e1Xlq qnJ9Nir18wS7bM5FlcOZQgLnqvfxntx+xJMBQM0GV6jh2rN2USs2ZwEmumyiMKRvRAXYMhjRA5aazpSfkxI8k0UMks/fvbEoDpcaB ZzIB1UO16E2H/3mdRPtXbsrDONEYMhMxnp8IoiMy7U76XCLTYmyAMsnNloQNqaRMmwvlTH1nsewyNCtlxy47d5VC9WJ+iCwcwTGUwI FLqMIt1KEBDB7gGd7g3YqtJ+vFev2JZqz5n0P4I+vjG9Wejcg=</latexit><latexit sha1_base64="KQWGpZdwUvA0M/EUEAphwNcidxw=" >AAAB7nicbZDLTgIxFIbP4A3xhrp00whG3JAZNNGNCYkLXGIilwQmpFPOQEPnYtsxIRNeQ1dG3fkwvoBvY0EWCv6rr+f/m5z/eLHgS tv2l5VZWV1b38hu5ra2d3b38vsHTRUlkmGDRSKSbY8qFDzEhuZaYDuWSANPYMsb3Uz91iNKxaPwXo9jdAM6CLnPGdVm5BZrp9e1Xlq qnJ9Nir18wS7bM5FlcOZQgLnqvfxntx+xJMBQM0GV6jh2rN2USs2ZwEmumyiMKRvRAXYMhjRA5aazpSfkxI8k0UMks/fvbEoDpcaB ZzIB1UO16E2H/3mdRPtXbsrDONEYMhMxnp8IoiMy7U76XCLTYmyAMsnNloQNqaRMmwvlTH1nsewyNCtlxy47d5VC9WJ+iCwcwTGUwI FLqMIt1KEBDB7gGd7g3YqtJ+vFev2JZqz5n0P4I+vjG9Wejcg=</latexit><latexit sha1_base64="KQWGpZdwUvA0M/EUEAphwNcidxw=" >AAAB7nicbZDLTgIxFIbP4A3xhrp00whG3JAZNNGNCYkLXGIilwQmpFPOQEPnYtsxIRNeQ1dG3fkwvoBvY0EWCv6rr+f/m5z/eLHgS tv2l5VZWV1b38hu5ra2d3b38vsHTRUlkmGDRSKSbY8qFDzEhuZaYDuWSANPYMsb3Uz91iNKxaPwXo9jdAM6CLnPGdVm5BZrp9e1Xlq qnJ9Nir18wS7bM5FlcOZQgLnqvfxntx+xJMBQM0GV6jh2rN2USs2ZwEmumyiMKRvRAXYMhjRA5aazpSfkxI8k0UMks/fvbEoDpcaB ZzIB1UO16E2H/3mdRPtXbsrDONEYMhMxnp8IoiMy7U76XCLTYmyAMsnNloQNqaRMmwvlTH1nsewyNCtlxy47d5VC9WJ+iCwcwTGUwI FLqMIt1KEBDB7gGd7g3YqtJ+vFev2JZqz5n0P4I+vjG9Wejcg=</latexit><latexit sha1_base64="KQWGpZdwUvA0M/EUEAphwNcidxw=" >AAAB7nicbZDLTgIxFIbP4A3xhrp00whG3JAZNNGNCYkLXGIilwQmpFPOQEPnYtsxIRNeQ1dG3fkwvoBvY0EWCv6rr+f/m5z/eLHgS tv2l5VZWV1b38hu5ra2d3b38vsHTRUlkmGDRSKSbY8qFDzEhuZaYDuWSANPYMsb3Uz91iNKxaPwXo9jdAM6CLnPGdVm5BZrp9e1Xlq qnJ9Nir18wS7bM5FlcOZQgLnqvfxntx+xJMBQM0GV6jh2rN2USs2ZwEmumyiMKRvRAXYMhjRA5aazpSfkxI8k0UMks/fvbEoDpcaB ZzIB1UO16E2H/3mdRPtXbsrDONEYMhMxnp8IoiMy7U76XCLTYmyAMsnNloQNqaRMmwvlTH1nsewyNCtlxy47d5VC9WJ+iCwcwTGUwI FLqMIt1KEBDB7gGd7g3YqtJ+vFev2JZqz5n0P4I+vjG9Wejcg=</latexit>
Figure 1: For G = P4 with V (P4) = {v1, v2, v3, v4} and E(P4) = {v1v2, v2v3, v3v4}, we have
LG = {12, 23, 34}. The labelings corresponding to the permutations id, (14)(23), (23) and (14) are
depicted (left to right) showing the copies G = Gid = G(14)(23) and G
′ = G(23) = G(14), where
E(Gσ) = {vσ−1(i)vσ−1(j) | ij ∈ LG} in all cases.
It is important to note that the set of labels LGσ = {σ(i)σ(j) | vivj ∈ E(Gσ)} of the
edges of Gσ is the same for all σ ∈ Sn, i.e. LGσ = LG for all σ ∈ Sn. Moreover, the
corresponding copies of the vertices and edges of G in Gσ are given by their labels: the copy
of vertex vi of G is the vertex of Gσ having label i, while the copy of an edge vivj ∈ E(G)
is the edge of Gσ having label ij.
3
Given e ∈ E(G) and e′ ∈ E(G)∪ {e}, we say that the graph G− e+ e′ is obtained from
G by performing the edge-replacement e→ e′. If G− e+ e′ is a graph isomorphic to G, we
say that the edge-replacement e→ e′ is feasible. Let
RG = {rs→ kl | G− vrvs + vkvl ∼= G}
be the set of all feasible edge-replacements of G given by their labels. Notice that, since
feasible edge-replacements are defined by the labels of the edges, any rs→ kl ∈ RG repre-
sents also a feasible edge-replacement of any copy Gρ, ρ ∈ Sn. Hence, clearly RGρ = RG
for any ρ ∈ Sn.
Given a feasible edge-replacement, rs→ kl ∈ RG, we will use the following notation
SG(rs→ kl) = {σ ∈ Sn | Gσ = G− vrvs + vkvl}.
We will use sometimes the notation e→ e′ ∈ RG when we do not require to specify the
indexes of the vertices involved in the edge-replacement.
Now we can state the following lemma that will establish the ground for how we are
going to work with the very interesting graph family of the amoebas. We use right to left
notation for the composition of permutations, that is, σ ◦ ρ ∈ Sn is defined as σ(ρ(x)) for
every x ∈ [n]. We omit the symbol “◦” when there is no confusion.
Lemma 2.2. Let G be a graph defined on the vertex set V = {v1, v2, . . . , vn} and let
LG = {ij | vivj ∈ E(G)}. For any rs → kl ∈ RG, σ ∈ SG(rs → kl) and ρ ∈ Sn, we have
the following:
(i) E(Gσ) = {vivj | ij ∈ (LG \ {rs}) ∪ {kl}} .
(ii) (LG \ {rs}) ∪ {kl} =
{
σ−1(i)σ−1(j) | ij ∈ LG
}
.
(iii) Gσ ρ = Gρ − e+ e′, where e = vρ−1(r)vρ−1(s) and e′ = vρ−1(k)vρ−1(l).
Proof. (i) Since σ ∈ SG(rs→ kl), by definition, we have
E(Gσ) = (E(G) \ {vrvs}) ∪ {vkvl}
= ({vivj | ij ∈ LG} \ {vrvs}) ∪ {vkvl}
= {vivj | ij ∈ (LG \ {rs}) ∪ {kl}} .
(ii) By (i) and definition of Gσ, we have
{vivj | ij ∈ (LG \ {rs}) ∪ {kl}} = E(Gσ) =
{
vσ−1(i)vσ−1(j) | ij ∈ LG
}
,
from which, by taking the set of pairs of sub-indexes, we obtain
(LG \ {rs}) ∪ {kl} =
{
σ−1(i)σ−1(j) | ij ∈ LG
}
.
(iii) We need to prove that the copy of G associated to the composition σ ρ can be ob-
tained by applying the edge-replacement e → e′ to Gρ, where e = vρ−1(r)vρ−1(s) and
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e′ = vρ−1(k)vρ−1(l). Observe that in Gρ the edge e = vρ−1(r)vρ−1(s) is labeled with rs
while the edge e′ = vρ−1(k)vρ−1(l) is labeled with kl. Then with (ii), we deduce
E(Gρ − e+ e′) =
{
vρ−1(i)vρ−1(j)
∣∣ ij ∈ (LG \ {rs}) ∪ {kl}}
=
{
vρ−1(σ−1(i))vρ−1(σ−1(j)) | ij ∈ LG
}
= E(Gσ ρ).
To the sake of comprehension, we show a concrete example.
Example 2.3. Let G = P4 with V (P4) = {v1, v2, v3, v4} and E(P4) = {v1v2, v2v3, v3v4}.
Then,
RG = {12→ 12, 23→ 23, 34→ 34, 12→ 14, 23→ 13, 23→ 24, 23→ 14, 34→ 14}.
Consider 12→ 14 ∈ RG which corresponds to the feasible edge-replacement v1v2 → v1v4 (see
Figure 2). Observe that the graph G− v1v2 + v1v4 corresponds to Gσ for all σ ∈ SG(12→
14) = {(24), (1432)}. Set σ = (24). Now we formulate the three items of Lemma 2.2 for
this example. Recall that L = {12, 23, 34} and so (L\{12})∪{14} = {23, 34, 14}. Also note
that σ−1 = (24).
(i) E(Gσ) = {vivj | ij ∈ (L \ {12}) ∪ {14}} = {v2v3, v3v4, v1v4}.
(ii) By (i) and definition of Gσ, we have
{v2v3, v3v4, v1v4} = E(Gσ) =
{
vσ−1(i)vσ−1(j) | ij ∈ L
}
= {v1v4, v4v3, v3v2},
thus the sets of pairs of sub-indices coincide
(L \ {12}) ∪ {14} = {23, 34, 14} = {14, 43, 32} = {σ−1(i)σ−1(j) | ij ∈ L} .
(iii) To illustrate this item we consider ρ = (23), and so ρ−1 = (23). We need to show
that the copy of G associated to the composition σ ρ = (24) ◦ (23) = (234) is obtained
by applying the edge-replacement e → e′ to Gρ, where e = vρ−1(1)vρ−1(2) = v1v3 and
e′ = vρ−1(1)vρ−1(4) = v1v4. Note that, in Gρ, the edge e is labeled with 12 while the
edge e′ is labeled with 14 and see Figure 3.
G = Gid
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v1
<latexit sha1_base64="5p65JHMab/ 0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8d OtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5 m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8 u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/ 0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8d OtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5 m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8 u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/ 0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8d OtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5 m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8 u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/ 0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8d OtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5 m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8 u4Y+sj2+tbouD</latexit>
v3
<latexit sha1_base64="WR2xPiXDe5z nNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZ IoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tnd K+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qe YpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZo zgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A 3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGy LhQ==</latexit><latexit sha1_base64="WR2xPiXDe5z nNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZ IoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tnd K+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qe YpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZo zgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A 3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGy LhQ==</latexit><latexit sha1_base64="WR2xPiXDe5z nNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZ IoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tnd K+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qe YpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZo zgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A 3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGy LhQ==</latexit><latexit sha1_base64="WR2xPiXDe5z nNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZ IoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tnd K+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qe YpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZo zgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A 3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGy LhQ==</latexit>
v4
<latexit sha1_base64="iZ1GZKSv+9 Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuX mFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlr e2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXi Sfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MC xU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6 zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo /5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9 Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuX mFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlr e2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXi Sfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MC xU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6 zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo /5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9 Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuX mFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlr e2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXi Sfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MC xU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6 zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo /5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9 Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuX mFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlr e2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXi Sfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MC xU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6 zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo /5/BH1sc3seuLhg==</latexit>
4
<latexit sha1_base64="FbCxsxLWz9NBwti52FCGjKXM1 rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuIEb2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMftvuqLg==</latexit><latexit sha1_base64="FbCxsxLWz9NBwti52FCGjKXM1 rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuIEb2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMftvuqLg==</latexit><latexit sha1_base64="FbCxsxLWz9NBwti52FCGjKXM1 rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuIEb2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMftvuqLg==</latexit><latexit sha1_base64="FbCxsxLWz9NBwti52FCGjKXM1 rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuIEb2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMftvuqLg==</latexit>
3
<latexit sha1_base64="540/Jh4pBrb+xaG59gu8YGECG /0=">AAACXnicbZFdS8MwFIbT+rFZP1b1RvCmuA4UdTS1oDcDwQu9nOBU2EZJs6wLS5uSpJNR9g/9A97pPzHddjE/zk3 e875PIOckyhiVyvM+DHNtfWOzUt2ytnd292r2/sGz5LnApIM54+I1QpIwmpKOooqR10wQlESMvETjuzJ/mRAhKU+f1DQj /QTFKR1SjJS2QrtouJMwcC2r4d637sOCDmaL5nISwknon8+PoIx6ksYJCgvoX8BgtsB+eq1TPzhb+IynsaDxSCEh+NsK q5mrknGv3NCue01vXs5fAZeiDpbVDu333oDjPCGpwgxJ2YVepvoFEopiRmZWL5ckQ3iMYtLVMkUJkf1ivqSZ0xhy4agRc eb9KlugRMppEmkmQWokf2el+V/WzdXwpl/QNMsVSbFGdDbMmaO4U+7aGVBBsGJTLRAWVL/SwSMkEFb6Ryw9Pvw97F/x7 Deh14SPfv02WC6iCo7BCTgFEFyDW/AA2qADMPgyKoZt7Buf5qa5a9YWqGks7xyCH2UefQO1fKot</latexit><latexit sha1_base64="540/Jh4pBrb+xaG59gu8YGECG /0=">AAACXnicbZFdS8MwFIbT+rFZP1b1RvCmuA4UdTS1oDcDwQu9nOBU2EZJs6wLS5uSpJNR9g/9A97pPzHddjE/zk3 e875PIOckyhiVyvM+DHNtfWOzUt2ytnd292r2/sGz5LnApIM54+I1QpIwmpKOooqR10wQlESMvETjuzJ/mRAhKU+f1DQj /QTFKR1SjJS2QrtouJMwcC2r4d637sOCDmaL5nISwknon8+PoIx6ksYJCgvoX8BgtsB+eq1TPzhb+IynsaDxSCEh+NsK q5mrknGv3NCue01vXs5fAZeiDpbVDu333oDjPCGpwgxJ2YVepvoFEopiRmZWL5ckQ3iMYtLVMkUJkf1ivqSZ0xhy4agRc eb9KlugRMppEmkmQWokf2el+V/WzdXwpl/QNMsVSbFGdDbMmaO4U+7aGVBBsGJTLRAWVL/SwSMkEFb6Ryw9Pvw97F/x7 Deh14SPfv02WC6iCo7BCTgFEFyDW/AA2qADMPgyKoZt7Buf5qa5a9YWqGks7xyCH2UefQO1fKot</latexit><latexit sha1_base64="540/Jh4pBrb+xaG59gu8YGECG /0=">AAACXnicbZFdS8MwFIbT+rFZP1b1RvCmuA4UdTS1oDcDwQu9nOBU2EZJs6wLS5uSpJNR9g/9A97pPzHddjE/zk3 e875PIOckyhiVyvM+DHNtfWOzUt2ytnd292r2/sGz5LnApIM54+I1QpIwmpKOooqR10wQlESMvETjuzJ/mRAhKU+f1DQj /QTFKR1SjJS2QrtouJMwcC2r4d637sOCDmaL5nISwknon8+PoIx6ksYJCgvoX8BgtsB+eq1TPzhb+IynsaDxSCEh+NsK q5mrknGv3NCue01vXs5fAZeiDpbVDu333oDjPCGpwgxJ2YVepvoFEopiRmZWL5ckQ3iMYtLVMkUJkf1ivqSZ0xhy4agRc eb9KlugRMppEmkmQWokf2el+V/WzdXwpl/QNMsVSbFGdDbMmaO4U+7aGVBBsGJTLRAWVL/SwSMkEFb6Ryw9Pvw97F/x7 Deh14SPfv02WC6iCo7BCTgFEFyDW/AA2qADMPgyKoZt7Buf5qa5a9YWqGks7xyCH2UefQO1fKot</latexit><latexit sha1_base64="540/Jh4pBrb+xaG59gu8YGECG /0=">AAACXnicbZFdS8MwFIbT+rFZP1b1RvCmuA4UdTS1oDcDwQu9nOBU2EZJs6wLS5uSpJNR9g/9A97pPzHddjE/zk3 e875PIOckyhiVyvM+DHNtfWOzUt2ytnd292r2/sGz5LnApIM54+I1QpIwmpKOooqR10wQlESMvETjuzJ/mRAhKU+f1DQj /QTFKR1SjJS2QrtouJMwcC2r4d637sOCDmaL5nISwknon8+PoIx6ksYJCgvoX8BgtsB+eq1TPzhb+IynsaDxSCEh+NsK q5mrknGv3NCue01vXs5fAZeiDpbVDu333oDjPCGpwgxJ2YVepvoFEopiRmZWL5ckQ3iMYtLVMkUJkf1ivqSZ0xhy4agRc eb9KlugRMppEmkmQWokf2el+V/WzdXwpl/QNMsVSbFGdDbMmaO4U+7aGVBBsGJTLRAWVL/SwSMkEFb6Ryw9Pvw97F/x7 Deh14SPfv02WC6iCo7BCTgFEFyDW/AA2qADMPgyKoZt7Buf5qa5a9YWqGks7xyCH2UefQO1fKot</latexit>
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<latexit sha1_base64="4CbH96pFRQ9RmbxfggTWPlGos /g=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuL4b2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMfs/2qLA==</latexit><latexit sha1_base64="4CbH96pFRQ9RmbxfggTWPlGos /g=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuL4b2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMfs/2qLA==</latexit><latexit sha1_base64="4CbH96pFRQ9RmbxfggTWPlGos /g=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuL4b2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMfs/2qLA==</latexit><latexit sha1_base64="4CbH96pFRQ9RmbxfggTWPlGos /g=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuL4b2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMfs/2qLA==</latexit>
1
<latexit sha1_base64="wCGtLxpkWNIjCq5jh0oON8FTx Rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuNAN7apX92bl/BVwIapgUY+h/dEbcJwnJFWYISm70MtUv0BCUczI1OrlkmQIv6GYdLVMUUJkv5gtaerUhlw4akScW b/MFiiRcpJEmkmQGsnVrDT/y7q5Gt71C5pmuSIp1ojOhjlzFHfKXTsDKghWbKIFwoLqVzp4hATCSv+IpceHq8P+FR2/D r06fPKrzWCxiG1wCs7AOYDgFjTBA3gEbYDBt7Fl2Mah8WVumvtmZY6axuLOMfhV5skPsn6qKw==</latexit><latexit sha1_base64="wCGtLxpkWNIjCq5jh0oON8FTx Rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuNAN7apX92bl/BVwIapgUY+h/dEbcJwnJFWYISm70MtUv0BCUczI1OrlkmQIv6GYdLVMUUJkv5gtaerUhlw4akScW b/MFiiRcpJEmkmQGsnVrDT/y7q5Gt71C5pmuSIp1ojOhjlzFHfKXTsDKghWbKIFwoLqVzp4hATCSv+IpceHq8P+FR2/D r06fPKrzWCxiG1wCs7AOYDgFjTBA3gEbYDBt7Fl2Mah8WVumvtmZY6axuLOMfhV5skPsn6qKw==</latexit><latexit sha1_base64="wCGtLxpkWNIjCq5jh0oON8FTx Rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuNAN7apX92bl/BVwIapgUY+h/dEbcJwnJFWYISm70MtUv0BCUczI1OrlkmQIv6GYdLVMUUJkv5gtaerUhlw4akScW b/MFiiRcpJEmkmQGsnVrDT/y7q5Gt71C5pmuSIp1ojOhjlzFHfKXTsDKghWbKIFwoLqVzp4hATCSv+IpceHq8P+FR2/D r06fPKrzWCxiG1wCs7AOYDgFjTBA3gEbYDBt7Fl2Mah8WVumvtmZY6axuLOMfhV5skPsn6qKw==</latexit><latexit sha1_base64="wCGtLxpkWNIjCq5jh0oON8FTx Rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuNAN7apX92bl/BVwIapgUY+h/dEbcJwnJFWYISm70MtUv0BCUczI1OrlkmQIv6GYdLVMUUJkv5gtaerUhlw4akScW b/MFiiRcpJEmkmQGsnVrDT/y7q5Gt71C5pmuSIp1ojOhjlzFHfKXTsDKghWbKIFwoLqVzp4hATCSv+IpceHq8P+FR2/D r06fPKrzWCxiG1wCs7AOYDgFjTBA3gEbYDBt7Fl2Mah8WVumvtmZY6axuLOMfhV5skPsn6qKw==</latexit>
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<latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLg U4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl 62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlSb3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3 owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLg U4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl 62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlSb3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3 owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLg U4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl 62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlSb3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3 owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfWnLD5GhYCZ2fAjl7uw=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLg U4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl 62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlSb3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3NstvQazYcu+E8NGuddnGIMlzBNdyCAy3 owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5cwh9ZH9+u7YuE</latexit>
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<latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLg U4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy 97JLcBIkkOkSyfv/O5jRSahH5JhNRHapNbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ 04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLg U4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy 97JLcBIkkOkSyfv/O5jRSahH5JhNRHapNbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ 04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLg U4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy 97JLcBIkkOkSyfv/O5jRSahH5JhNRHapNbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ 04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/0nXm4r0n6sOHAyf7c=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJiQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ29/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLg U4WCx+hqrgUOUok08gX2/dndyu/PUSqexI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8dOtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy 97JLcBIkkOkSyfv/O5jRSahH5JhNRHapNbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ 04B664AIDDs/wBu9WaD1ZL9brT7RkFX8u4Y+sj2+tbouD</latexit>
v3
<latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTs JAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKH qOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBI okMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwO EZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTs JAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKH qOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBI okMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwO EZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTs JAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKH qOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBI okMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwO EZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTs JAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKH qOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBI okMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwO EZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit>
v4
<latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7 PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9 fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOA W2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7 PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9 fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOA W2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7 PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9 fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOA W2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7 PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9 fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOA W2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit>
G  v1v2 + v1v4 = G(24)
<latexit sha1_base64="0rpM69YLwEdHCdCwfzxcW0rrJ eg=">AAAB/XicbVDLSsNAFJ3UV62vqDvdBFuhIpYkFHQjFFzUZQX7gDaEyfS2HTp5MDMplFD0Z3Ql6s6f8Af8G6cxC20 9m3vuPWdgzvEiRoU0zS8tt7K6tr6R3yxsbe/s7un7By0RxpxAk4Qs5B0PC2A0gKakkkEn4oB9j0HbG9/M9fYEuKBhcC+n ETg+HgZ0QAmW6uTqR6X6xcS1Jq59no7qdd1Nynb1bFZy9aJZMVMYy8TKSBFlaLj6Z68fktiHQBKGhehaZiSdBHNJCYNZ oRcLiDAZ4yF0FQ2wD8JJ0gwz43QQckOOwEj3394E+0JMfU95fCxHYlGbH//TurEcXDkJDaJYQkCURWmDmBkyNOZVGH3Kg Ug2VQQTTtUvDTLCHBOpCiuo+NZi2GXSsiuWWbHu7GKtmhWRR8foBJWRhS5RDd2iBmoigh7RM3pD79qD9qS9aK8/1pyWv TlEf6B9fAPpXZLJ</latexit><latexit sha1_base64="0rpM69YLwEdHCdCwfzxcW0rrJ eg=">AAAB/XicbVDLSsNAFJ3UV62vqDvdBFuhIpYkFHQjFFzUZQX7gDaEyfS2HTp5MDMplFD0Z3Ql6s6f8Af8G6cxC20 9m3vuPWdgzvEiRoU0zS8tt7K6tr6R3yxsbe/s7un7By0RxpxAk4Qs5B0PC2A0gKakkkEn4oB9j0HbG9/M9fYEuKBhcC+n ETg+HgZ0QAmW6uTqR6X6xcS1Jq59no7qdd1Nynb1bFZy9aJZMVMYy8TKSBFlaLj6Z68fktiHQBKGhehaZiSdBHNJCYNZ oRcLiDAZ4yF0FQ2wD8JJ0gwz43QQckOOwEj3394E+0JMfU95fCxHYlGbH//TurEcXDkJDaJYQkCURWmDmBkyNOZVGH3Kg Ug2VQQTTtUvDTLCHBOpCiuo+NZi2GXSsiuWWbHu7GKtmhWRR8foBJWRhS5RDd2iBmoigh7RM3pD79qD9qS9aK8/1pyWv TlEf6B9fAPpXZLJ</latexit><latexit sha1_base64="0rpM69YLwEdHCdCwfzxcW0rrJ eg=">AAAB/XicbVDLSsNAFJ3UV62vqDvdBFuhIpYkFHQjFFzUZQX7gDaEyfS2HTp5MDMplFD0Z3Ql6s6f8Af8G6cxC20 9m3vuPWdgzvEiRoU0zS8tt7K6tr6R3yxsbe/s7un7By0RxpxAk4Qs5B0PC2A0gKakkkEn4oB9j0HbG9/M9fYEuKBhcC+n ETg+HgZ0QAmW6uTqR6X6xcS1Jq59no7qdd1Nynb1bFZy9aJZMVMYy8TKSBFlaLj6Z68fktiHQBKGhehaZiSdBHNJCYNZ oRcLiDAZ4yF0FQ2wD8JJ0gwz43QQckOOwEj3394E+0JMfU95fCxHYlGbH//TurEcXDkJDaJYQkCURWmDmBkyNOZVGH3Kg Ug2VQQTTtUvDTLCHBOpCiuo+NZi2GXSsiuWWbHu7GKtmhWRR8foBJWRhS5RDd2iBmoigh7RM3pD79qD9qS9aK8/1pyWv TlEf6B9fAPpXZLJ</latexit><latexit sha1_base64="0rpM69YLwEdHCdCwfzxcW0rrJ eg=">AAAB/XicbVDLSsNAFJ3UV62vqDvdBFuhIpYkFHQjFFzUZQX7gDaEyfS2HTp5MDMplFD0Z3Ql6s6f8Af8G6cxC20 9m3vuPWdgzvEiRoU0zS8tt7K6tr6R3yxsbe/s7un7By0RxpxAk4Qs5B0PC2A0gKakkkEn4oB9j0HbG9/M9fYEuKBhcC+n ETg+HgZ0QAmW6uTqR6X6xcS1Jq59no7qdd1Nynb1bFZy9aJZMVMYy8TKSBFlaLj6Z68fktiHQBKGhehaZiSdBHNJCYNZ oRcLiDAZ4yF0FQ2wD8JJ0gwz43QQckOOwEj3394E+0JMfU95fCxHYlGbH//TurEcXDkJDaJYQkCURWmDmBkyNOZVGH3Kg Ug2VQQTTtUvDTLCHBOpCiuo+NZi2GXSsiuWWbHu7GKtmhWRR8foBJWRhS5RDd2iBmoigh7RM3pD79qD9qS9aK8/1pyWv TlEf6B9fAPpXZLJ</latexit>
  = (24)
<latexit sha1_base64="vFfYqvxcXE0mVTpu82tb3sx3a w8=">AAAB7nicbZDNTgIxFIXv4B/iH+rSTSOY4IbMEBLdmJC4cYmJIAlMSKdcoKGdGduOCZnwGroy6s6H8QV8GwvOQsG z+nrPaXLPDWLBtXHdLye3tr6xuZXfLuzs7u0fFA+P2jpKFMMWi0SkOgHVKHiILcONwE6skMpA4H0wuZ7794+oNI/COzON 0Zd0FPIhZ9TYkV/uaT6S9KpSq5+X+8WSW3UXIqvgZVCCTM1+8bM3iFgiMTRMUK27nhsbP6XKcCZwVuglGmPKJnSEXYsh laj9dLH0jJwNI0XMGMni/TubUqn1VAY2I6kZ62VvPvzP6yZmeOmnPIwTgyGzEesNE0FMRObdyYArZEZMLVCmuN2SsDFVl Bl7oYKt7y2XXYV2req5Ve+2VmrUs0Pk4QROoQIeXEADbqAJLWDwAM/wBu9O7Dw5L87rTzTnZH+O4Y+cj29uGo4q</lat exit><latexit sha1_base64="vFfYqvxcXE0mVTpu82tb3sx3a w8=">AAAB7nicbZDNTgIxFIXv4B/iH+rSTSOY4IbMEBLdmJC4cYmJIAlMSKdcoKGdGduOCZnwGroy6s6H8QV8GwvOQsG z+nrPaXLPDWLBtXHdLye3tr6xuZXfLuzs7u0fFA+P2jpKFMMWi0SkOgHVKHiILcONwE6skMpA4H0wuZ7794+oNI/COzON 0Zd0FPIhZ9TYkV/uaT6S9KpSq5+X+8WSW3UXIqvgZVCCTM1+8bM3iFgiMTRMUK27nhsbP6XKcCZwVuglGmPKJnSEXYsh laj9dLH0jJwNI0XMGMni/TubUqn1VAY2I6kZ62VvPvzP6yZmeOmnPIwTgyGzEesNE0FMRObdyYArZEZMLVCmuN2SsDFVl Bl7oYKt7y2XXYV2req5Ve+2VmrUs0Pk4QROoQIeXEADbqAJLWDwAM/wBu9O7Dw5L87rTzTnZH+O4Y+cj29uGo4q</lat exit><latexit sha1_base64="vFfYqvxcXE0mVTpu82tb3sx3a w8=">AAAB7nicbZDNTgIxFIXv4B/iH+rSTSOY4IbMEBLdmJC4cYmJIAlMSKdcoKGdGduOCZnwGroy6s6H8QV8GwvOQsG z+nrPaXLPDWLBtXHdLye3tr6xuZXfLuzs7u0fFA+P2jpKFMMWi0SkOgHVKHiILcONwE6skMpA4H0wuZ7794+oNI/COzON 0Zd0FPIhZ9TYkV/uaT6S9KpSq5+X+8WSW3UXIqvgZVCCTM1+8bM3iFgiMTRMUK27nhsbP6XKcCZwVuglGmPKJnSEXYsh laj9dLH0jJwNI0XMGMni/TubUqn1VAY2I6kZ62VvPvzP6yZmeOmnPIwTgyGzEesNE0FMRObdyYArZEZMLVCmuN2SsDFVl Bl7oYKt7y2XXYV2req5Ve+2VmrUs0Pk4QROoQIeXEADbqAJLWDwAM/wBu9O7Dw5L87rTzTnZH+O4Y+cj29uGo4q</lat exit><latexit sha1_base64="vFfYqvxcXE0mVTpu82tb3sx3a w8=">AAAB7nicbZDNTgIxFIXv4B/iH+rSTSOY4IbMEBLdmJC4cYmJIAlMSKdcoKGdGduOCZnwGroy6s6H8QV8GwvOQsG z+nrPaXLPDWLBtXHdLye3tr6xuZXfLuzs7u0fFA+P2jpKFMMWi0SkOgHVKHiILcONwE6skMpA4H0wuZ7794+oNI/COzON 0Zd0FPIhZ9TYkV/uaT6S9KpSq5+X+8WSW3UXIqvgZVCCTM1+8bM3iFgiMTRMUK27nhsbP6XKcCZwVuglGmPKJnSEXYsh laj9dLH0jJwNI0XMGMni/TubUqn1VAY2I6kZ62VvPvzP6yZmeOmnPIwTgyGzEesNE0FMRObdyYArZEZMLVCmuN2SsDFVl Bl7oYKt7y2XXYV2req5Ve+2VmrUs0Pk4QROoQIeXEADbqAJLWDwAM/wBu9O7Dw5L87rTzTnZH+O4Y+cj29uGo4q</lat exit>
Figure 2: With G = P4 defined as in Figure 1, we perform the feasible edge replacement 12→ 14,
obtaining the copy Gσ of G where σ = (24).
5
 !
<latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit><latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit><latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit><latexit sha1_base64="igNIIXj664y3 Gae0TWz7jfUX+FE=">AAAB03icbVBNT8JAFHzFL6yoePaykZh4Iq0XPZp48YiJBRJo yHZ5hQ27bbP7akIa7saLMf4t/4D/xgU5KDineTNzeDNJoaSlIPjyaju7e/sH9UP/qOE fn5w2G12bl0ZgJHKVm37CLSqZYUSSFPYLg1wnCnvJ7H7p957RWJlnTzQvMNZ8kslUCk 5O6oyaraAdrMC2SbgmLVhj1PwcjnNRasxIKG7tIAwKiituSAqFC39YWiy4mPEJDhzN uEYbV6s3F+wyzQ2jKbLV/TtbcW3tXCcuozlN7aa3FP/zBiWlt3Els6IkzISLOC8tFaO cLduysTQoSM0d4cJI9yUTU264ILeJ79qHm123Sfe6HQbt8DGAOpzDBVxBCDdwBw/Qg QgEjOEVPrzEe/Heflaqeeu5zuAPvPdvUZuH0w==</latexit><latexit sha1_base64="KxwPuVS3j7ZD yScFdI5fjyiLf4w=">AAACDXicbVDNTsJAGPyKf1hRq1cvjZTEE2mNRi8mJh7wiImA CSXNdlnKhm232d1iSMOL6MvoyfjzAr6NW+Cg4JxmvpnDNxOmjErlut9GaW19Y3OrvG3 uVHb39q2DSlvyTGDSwpxx8RAiSRhNSEtRxchDKgiKQ0Y64eim8DtjIiTlyb2apKQXoy ihA4qR0qfAOq854+DMMc2a07hqBDntT+ciyH1JoxgV0vEZTyJBo6FCQvBHJ7Cqbt2d wV4l3oJUYYFmYH35fY6zmCQKMyRl13NT1cuRUBQzMjX9TJIU4RGKSFfTBMVE9vJZval dG3BhqyGxZ/p3NkexlJM41JkYqaFc9orjf143U4PLXk6TNFMkwTqivUHGbMXtYiW7T wXBik00QVhQ/aWNh0ggrPSWpq7vLZddJe3TuufWvTsXynAEx3ACHlzANdxCE1qA4Rle 4QM+jSfjxXibD1UyFosdwh8Y7z/9/Zry</latexit><latexit sha1_base64="KxwPuVS3j7ZD yScFdI5fjyiLf4w=">AAACDXicbVDNTsJAGPyKf1hRq1cvjZTEE2mNRi8mJh7wiImA CSXNdlnKhm232d1iSMOL6MvoyfjzAr6NW+Cg4JxmvpnDNxOmjErlut9GaW19Y3OrvG3 uVHb39q2DSlvyTGDSwpxx8RAiSRhNSEtRxchDKgiKQ0Y64eim8DtjIiTlyb2apKQXoy ihA4qR0qfAOq854+DMMc2a07hqBDntT+ciyH1JoxgV0vEZTyJBo6FCQvBHJ7Cqbt2d wV4l3oJUYYFmYH35fY6zmCQKMyRl13NT1cuRUBQzMjX9TJIU4RGKSFfTBMVE9vJZval dG3BhqyGxZ/p3NkexlJM41JkYqaFc9orjf143U4PLXk6TNFMkwTqivUHGbMXtYiW7T wXBik00QVhQ/aWNh0ggrPSWpq7vLZddJe3TuufWvTsXynAEx3ACHlzANdxCE1qA4Rle 4QM+jSfjxXibD1UyFosdwh8Y7z/9/Zry</latexit><latexit sha1_base64="E2mFOeNHE1iS VudzdOgGhEgcUow=">AAACGHicbVA7T8MwGHTKq4RXgJEloqnEVCUIRBekSgxlLBJ9 SG0VOa6bWnXsyHaKqqh/BP4MTIjHxMa/wWkzQMtNd9+dJd8FMSVSue63UVhb39jcKm6 bO7t7+wfW4VFL8kQg3EScctEJoMSUMNxURFHciQWGUUBxOxjfZH57goUknN2raYz7EQ wZGRIElT751mXZmfgXjmmWnfp13U/JYLYQftqTJIxgJp0e5SwUJBwpKAR/cHyr5Fbc OexV4uWkBHI0fOuzN+AoiTBTiEIpu54bq34KhSKI4pnZSySOIRrDEHc1ZTDCsp/O683 s8pALW42wPde/symMpJxGgc5EUI3kspcd//O6iRpW+ylhcaIwQzqivWFCbcXtbCV7Q ARGik41gUgQ/UsbjaCASOktTV3fWy67SlrnFc+teHduqVbNhyiCE3AKzoAHrkAN3IIG aAIEnsALeAcfxqPxbLwab4towcjfHIM/ML5+AK8rnGc=</latexit><latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit><latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit><latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit><latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit><latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit><latexit sha1_base64="hhgK+BU6CT8U smgVgdaYPoYjbcQ=">AAACGHicbVBLT8JAGNziC+ur6tFLIyXxRFqikYsJiQc8YiJg Qptmuyxlw7bb7G4xpOGP6J/Rk/Fx8ua/cQs9KDinmW9mk50JEkqEtO1vrbS2vrG5Vd7 Wd3b39g+Mw6OuYClHuIMYZfw+gAJTEuOOJJLi+4RjGAUU94Lxde73JpgLwuI7OU2wF8 EwJkOCoFQn37ioWhP/3NL1qtW6avkZGcwWws9cQcII5tJyKYtDTsKRhJyzB8s3KnbN nsNcJU5BKqBA2zc+3QFDaYRjiSgUou/YifQyyCVBFM90NxU4gWgMQ9xXNIYRFl42rzc zq0PGTTnC5lz/zmYwEmIaBSoTQTkSy15+/M/rp3LY8DISJ6nEMVIR5Q1Takpm5iuZA 8IxknSqCEScqF+aaAQ5RFJtqav6znLZVdKt1xy75tzWK81GMUQZnIBTcAYccAma4Aa0 QQcg8ARewDv40B61Z+1Ve1tES1rx5hj8gfb1A6/LnGk=</latexit>
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<latexit sha1_base64="wC GtLxpkWNIjCq5jh0oON8FTxRg=">AAACXnicbZFPS8MwGM bT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTp ZJR9Q7+AN/0mptsOc/pe8rzP8wvkfRNljErleZ+Guba+sb m1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCUR Iy8RG/3Zf4yJkJSnj6rSUb6CYpTOqQYKW2FdlFzx2HgWlb NbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9x rkfXMx9xtNY0HikkBD8fYnVzE3JuNAN7apX92bl/BVwIap gUY+h/dEbcJwnJFWYISm70MtUv0BCUczI1OrlkmQIv6GYd LVMUUJkv5gtaerUhlw4akScWb/MFiiRcpJEmkmQGsnVrDT/ y7q5Gt71C5pmuSIp1ojOhjlzFHfKXTsDKghWbKIFwoLqVz p4hATCSv+IpceHq8P+FR2/Dr06fPKrzWCxiG1wCs7AOYDg FjTBA3gEbYDBt7Fl2Mah8WVumvtmZY6axuLOMfhV5skPsn 6qKw==</latexit><latexit sha1_base64="wC GtLxpkWNIjCq5jh0oON8FTxRg=">AAACXnicbZFPS8MwGM bT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTp ZJR9Q7+AN/0mptsOc/pe8rzP8wvkfRNljErleZ+Guba+sb m1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCUR Iy8RG/3Zf4yJkJSnj6rSUb6CYpTOqQYKW2FdlFzx2HgWlb NbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9x rkfXMx9xtNY0HikkBD8fYnVzE3JuNAN7apX92bl/BVwIap gUY+h/dEbcJwnJFWYISm70MtUv0BCUczI1OrlkmQIv6GYd LVMUUJkv5gtaerUhlw4akScWb/MFiiRcpJEmkmQGsnVrDT/ y7q5Gt71C5pmuSIp1ojOhjlzFHfKXTsDKghWbKIFwoLqVz p4hATCSv+IpceHq8P+FR2/Dr06fPKrzWCxiG1wCs7AOYDg FjTBA3gEbYDBt7Fl2Mah8WVumvtmZY6axuLOMfhV5skPsn 6qKw==</latexit><latexit sha1_base64="wC GtLxpkWNIjCq5jh0oON8FTxRg=">AAACXnicbZFPS8MwGM bT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTp ZJR9Q7+AN/0mptsOc/pe8rzP8wvkfRNljErleZ+Guba+sb m1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCUR Iy8RG/3Zf4yJkJSnj6rSUb6CYpTOqQYKW2FdlFzx2HgWlb NbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9x rkfXMx9xtNY0HikkBD8fYnVzE3JuNAN7apX92bl/BVwIap gUY+h/dEbcJwnJFWYISm70MtUv0BCUczI1OrlkmQIv6GYd LVMUUJkv5gtaerUhlw4akScWb/MFiiRcpJEmkmQGsnVrDT/ y7q5Gt71C5pmuSIp1ojOhjlzFHfKXTsDKghWbKIFwoLqVz p4hATCSv+IpceHq8P+FR2/Dr06fPKrzWCxiG1wCs7AOYDg FjTBA3gEbYDBt7Fl2Mah8WVumvtmZY6axuLOMfhV5skPsn 6qKw==</latexit><latexit sha1_base64="wC GtLxpkWNIjCq5jh0oON8FTxRg=">AAACXnicbZFPS8MwGM bT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTp ZJR9Q7+AN/0mptsOc/pe8rzP8wvkfRNljErleZ+Guba+sb m1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCUR Iy8RG/3Zf4yJkJSnj6rSUb6CYpTOqQYKW2FdlFzx2HgWlb NbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9x rkfXMx9xtNY0HikkBD8fYnVzE3JuNAN7apX92bl/BVwIap gUY+h/dEbcJwnJFWYISm70MtUv0BCUczI1OrlkmQIv6GYd LVMUUJkv5gtaerUhlw4akScWb/MFiiRcpJEmkmQGsnVrDT/ y7q5Gt71C5pmuSIp1ojOhjlzFHfKXTsDKghWbKIFwoLqVz p4hATCSv+IpceHq8P+FR2/Dr06fPKrzWCxiG1wCs7AOYDg FjTBA3gEbYDBt7Fl2Mah8WVumvtmZY6axuLOMfhV5skPsn 6qKw==</latexit>
v2
<latexit sha1_base64="wtNZ9oSJfW nLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6 dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3 NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5 cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfW nLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6 dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3 NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5 cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfW nLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6 dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3 NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5 cwh9ZH9+u7YuE</latexit><latexit sha1_base64="wtNZ9oSJfW nLD5GhYCZ2fAjl7uw=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph836+NqzW7Ya5FtcAqoQaHuuPo5miQsizDWTFClho6 dai+nUnMmcFkZZQpTymZ0ikODMY1Qefl62SW5CRJJdIhk/f6dzWmk1CLyTSaiOlS b3mr4nzfMdND2ch6nmcaYmYjxgkwQnZBVZzLhEpkWCwOUSW62JCykkjJtLlMx9Z3 NstvQazYcu+E8NGuddnGIMlzBNdyCAy3owD10wQUGHJ7hDd6t0HqyXqzXn2jJKv5 cwh9ZH9+u7YuE</latexit>
v1
<latexit sha1_base64="5p65JHMab/ 0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8d OtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5 m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8 u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/ 0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8d OtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5 m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8 u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/ 0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8d OtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5 m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8 u4Y+sj2+tbouD</latexit><latexit sha1_base64="5p65JHMab/ 0nXm4r0n6sOHAyf7c=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG1iSuHGJ iQUSaMh0uKUTpj+ZmZKQhlfQlVF3PpAv4Ns4YBcKntU395xJ7rl+KrjStv1llXZ2 9/YPyoeVo+OT07Pq+UVPJZlk6LJEJHLgU4WCx+hqrgUOUok08gX2/dndyu/PUSqe xI96kaIX0WnMA86oNiO3Ph879XG1Zjfstcg2OAXUoFB3XP0cTRKWRRhrJqhSQ8d OtZdTqTkTuKyMMoUpZTM6xaHBmEaovHy97JLcBIkkOkSyfv/O5jRSahH5JhNRHap NbzX8zxtmOmh7OY/TTGPMTMR4QSaITsiqM5lwiUyLhQHKJDdbEhZSSZk2l6mY+s5 m2W3oNRuO3XAemrVOuzhEGa7gGm7BgRZ04B664AIDDs/wBu9WaD1ZL9brT7RkFX8 u4Y+sj2+tbouD</latexit>
v3
<latexit sha1_base64="WR2xPiXDe5z nNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZ IoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tnd K+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qe YpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZo zgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A 3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGy LhQ==</latexit><latexit sha1_base64="WR2xPiXDe5z nNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZ IoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tnd K+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qe YpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZo zgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A 3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGy LhQ==</latexit><latexit sha1_base64="WR2xPiXDe5z nNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZ IoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tnd K+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qe YpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZo zgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A 3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGy LhQ==</latexit><latexit sha1_base64="WR2xPiXDe5z nNEcUGCWDtjNoonU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZ IoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tnd K+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86d3S783Q6l4Ej/qe YpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZo zgYvKMFOYUjalExwYjGmEystXyy7IVZBIokMkq/fvbE4jpeaRbzIR1aFa95bD/7xB poOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A 3noVlrt4pDlOECLuEaHLiFNtxDB1xgwOEZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGy LhQ==</latexit>
v4
<latexit sha1_base64="iZ1GZKSv+9 Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuX mFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlr e2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXi Sfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MC xU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6 zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo /5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9 Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuX mFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlr e2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXi Sfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MC xU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6 zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo /5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9 Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuX mFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlr e2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXi Sfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MC xU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6 zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo /5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9 Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItMZEliRuX mFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlr e2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eLf3eDKXi Sfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MC xU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9fLbsgV0EiiQ6RrN6/szmNlJpHvslEVId q3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6 zXnYTus2GYzech2at3SoOUYYLuIRrcOAW2nAPHXCBAYdneIN3K7SerBfr9Sdasoo /5/BH1sc3seuLhg==</latexit>
4
<latexit sha1_base64="FbCxsxLWz9NBwti52FCGjKXM1 rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuIEb2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMftvuqLg==</latexit><latexit sha1_base64="FbCxsxLWz9NBwti52FCGjKXM1 rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuIEb2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMftvuqLg==</latexit><latexit sha1_base64="FbCxsxLWz9NBwti52FCGjKXM1 rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuIEb2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMftvuqLg==</latexit><latexit sha1_base64="FbCxsxLWz9NBwti52FCGjKXM1 rg=">AAACXnicbZFPS8MwGMbT+r/+WdWL4KW4DhR1NLWgl8HAwzwquClso6RZ1gXTpiTpZJR9Q7+AN/0mptsOc/pe8rz P8wvkfRNljErleZ+Guba+sbm1vWPt7u0fVOzDo47kucCkjTnj4jVCkjCakraiipHXTBCURIy8RG/3Zf4yJkJSnj6rSUb6 CYpTOqQYKW2FdlFzx2HgWlbNbTVaYUEH03lzPQ7hOPQvZ0dQRj1J4wSFBfSvYDCdY7+9xrkfXMx9xtNY0HikkBD8fYnV zE3JuIEb2lWv7s3K+SvgQlTBoh5D+6M34DhPSKowQ1J2oZepfoGEopiRqdXLJckQfkMx6WqZooTIfjFb0tSpDblw1Ig4s 36ZLVAi5SSJNJMgNZKrWWn+l3VzNbzrFzTNckVSrBGdDXPmKO6Uu3YGVBCs2EQLhAXVr3TwCAmElf4RS48PV4f9Kzp+H Xp1+ORXm8FiEdvgFJyBcwDBLWiCB/AI2gCDb2PLsI1D48vcNPfNyhw1jcWdY/CrzJMftvuqLg==</latexit>
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v3
<latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTs JAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKH qOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBI okMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwO EZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTs JAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKH qOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBI okMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwO EZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTs JAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKH qOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBI okMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwO EZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit><latexit sha1_base64="WR2xPiXDe5znNEcUGCWDtjNoonU=">AAAB5nicbZDNTs JAFIVv8Q/xD3XpZiKYuCItLmRJ4sYlJhZIoCHT4ZZOmP5kZkpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVdra3tndK+9XDg6Pjk+qp2ddlWSSocsSkci+TxUKH qOruRbYTyXSyBfY86d3S783Q6l4Ej/qeYpeRCcxDzij2ozc+mx0Ux9Va3bDXolsglNADQp1RtXP4ThhWYSxZoIqNXDsVHs5lZozgYvKMFOYUjalExwYjGmEystXyy7IVZBI okMkq/fvbE4jpeaRbzIR1aFa95bD/7xBpoOWl/M4zTTGzESMF2SC6IQsO5Mxl8i0mBugTHKzJWEhlZRpc5mKqe+sl92EbrPh2A3noVlrt4pDlOECLuEaHLiFNtxDB1xgwO EZ3uDdCq0n68V6/YmWrOLPOfyR9fENsGyLhQ==</latexit>
v4
<latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7 PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9 fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOA W2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7 PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9 fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOA W2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7 PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9 fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOA W2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit><latexit sha1_base64="iZ1GZKSv+9Do9ZH43D6Rr91Tt0Y=">AAAB5nicbZDN TsJAFIVv8Q/xD3XpZiKYuCItMZEliRuXmFgggYZMh1s6YfqTmSkJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp51VZJJhi5LRCL7 PlUoeIyu5lpgP5VII19gz5/eLf3eDKXiSfyo5yl6EZ3EPOCMajNy67PRTX1UrdkNeyWyCU4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBC4qw0xhStmUTnBgMKYRKi9 fLbsgV0EiiQ6RrN6/szmNlJpHvslEVIdq3VsO//MGmQ5aXs7jNNMYMxMxXpAJohOy7EzGXCLTYm6AMsnNloSFVFKmzWUqpr6zXnYTus2GYzech2at3SoOUYYLuIRrcOA W2nAPHXCBAYdneIN3K7SerBfr9Sdasoo/5/BH1sc3seuLhg==</latexit>
  = (24)
<latexit sha1_base64="vF fYqvxcXE0mVTpu82tb3sx3aw8=">AAAB7nicbZDNTgIxFI Xv4B/iH+rSTSOY4IbMEBLdmJC4cYmJIAlMSKdcoKGdGduO CZnwGroy6s6H8QV8GwvOQsGz+nrPaXLPDWLBtXHdLye3tr 6xuZXfLuzs7u0fFA+P2jpKFMMWi0SkOgHVKHiILcONwE6sk MpA4H0wuZ7794+oNI/COzON0Zd0FPIhZ9TYkV/uaT6S9Kp Sq5+X+8WSW3UXIqvgZVCCTM1+8bM3iFgiMTRMUK27nhsbP 6XKcCZwVuglGmPKJnSEXYshlaj9dLH0jJwNI0XMGMni/Tu bUqn1VAY2I6kZ62VvPvzP6yZmeOmnPIwTgyGzEesNE0FMR ObdyYArZEZMLVCmuN2SsDFVlBl7oYKt7y2XXYV2req5Ve+2 VmrUs0Pk4QROoQIeXEADbqAJLWDwAM/wBu9O7Dw5L87rTz TnZH+O4Y+cj29uGo4q</latexit><latexit sha1_base64="vF fYqvxcXE0mVTpu82tb3sx3aw8=">AAAB7nicbZDNTgIxFI Xv4B/iH+rSTSOY4IbMEBLdmJC4cYmJIAlMSKdcoKGdGduO CZnwGroy6s6H8QV8GwvOQsGz+nrPaXLPDWLBtXHdLye3tr 6xuZXfLuzs7u0fFA+P2jpKFMMWi0SkOgHVKHiILcONwE6sk MpA4H0wuZ7794+oNI/COzON0Zd0FPIhZ9TYkV/uaT6S9Kp Sq5+X+8WSW3UXIqvgZVCCTM1+8bM3iFgiMTRMUK27nhsbP 6XKcCZwVuglGmPKJnSEXYshlaj9dLH0jJwNI0XMGMni/Tu bUqn1VAY2I6kZ62VvPvzP6yZmeOmnPIwTgyGzEesNE0FMR ObdyYArZEZMLVCmuN2SsDFVlBl7oYKt7y2XXYV2req5Ve+2 VmrUs0Pk4QROoQIeXEADbqAJLWDwAM/wBu9O7Dw5L87rTz TnZH+O4Y+cj29uGo4q</latexit><latexit sha1_base64="vF fYqvxcXE0mVTpu82tb3sx3aw8=">AAAB7nicbZDNTgIxFI Xv4B/iH+rSTSOY4IbMEBLdmJC4cYmJIAlMSKdcoKGdGduO CZnwGroy6s6H8QV8GwvOQsGz+nrPaXLPDWLBtXHdLye3tr 6xuZXfLuzs7u0fFA+P2jpKFMMWi0SkOgHVKHiILcONwE6sk MpA4H0wuZ7794+oNI/COzON0Zd0FPIhZ9TYkV/uaT6S9Kp Sq5+X+8WSW3UXIqvgZVCCTM1+8bM3iFgiMTRMUK27nhsbP 6XKcCZwVuglGmPKJnSEXYshlaj9dLH0jJwNI0XMGMni/Tu bUqn1VAY2I6kZ62VvPvzP6yZmeOmnPIwTgyGzEesNE0FMR ObdyYArZEZMLVCmuN2SsDFVlBl7oYKt7y2XXYV2req5Ve+2 VmrUs0Pk4QROoQIeXEADbqAJLWDwAM/wBu9O7Dw5L87rTz TnZH+O4Y+cj29uGo4q</latexit><latexit sha1_base64="vF fYqvxcXE0mVTpu82tb3sx3aw8=">AAAB7nicbZDNTgIxFI Xv4B/iH+rSTSOY4IbMEBLdmJC4cYmJIAlMSKdcoKGdGduO CZnwGroy6s6H8QV8GwvOQsGz+nrPaXLPDWLBtXHdLye3tr 6xuZXfLuzs7u0fFA+P2jpKFMMWi0SkOgHVKHiILcONwE6sk MpA4H0wuZ7794+oNI/COzON0Zd0FPIhZ9TYkV/uaT6S9Kp Sq5+X+8WSW3UXIqvgZVCCTM1+8bM3iFgiMTRMUK27nhsbP 6XKcCZwVuglGmPKJnSEXYshlaj9dLH0jJwNI0XMGMni/Tu bUqn1VAY2I6kZ62VvPvzP6yZmeOmnPIwTgyGzEesNE0FMR ObdyYArZEZMLVCmuN2SsDFVlBl7oYKt7y2XXYV2req5Ve+2 VmrUs0Pk4QROoQIeXEADbqAJLWDwAM/wBu9O7Dw5L87rTz TnZH+O4Y+cj29uGo4q</latexit>
G⇢
<latexit sha1_base64="yn fiWnQQVJl5st+JQYlsW6z0OiI=">AAAB63icbZDLTgIxFI bP4A3xhrp00wgmrsgMMdEliQtdYiKXCBPSKR1o6GXSdkzI hKfQlVF3vo0v4NtYcBYK/quv5/+bnP9ECWfG+v6XV1hb39 jcKm6Xdnb39g/Kh0dto1JNaIsornQ3woZyJmnLMstpN9EUi 4jTTjS5nvudR6oNU/LeThMaCjySLGYEWzd6qN4Msr4eq1l 1UK74NX8htApBDhXI1RyUP/tDRVJBpSUcG9ML/MSGGdaWE U5npX5qaILJBI9oz6HEgpowW2w8Q2ex0siOKVq8f2czLIy ZishlBLZjs+zNh/95vdTGV2HGZJJaKomLOC9OObIKzYujI dOUWD51gIlmbktExlhjYt15Sq5+sFx2Fdr1WuDXgrt6pXGR H6IIJ3AK5xDAJTTgFprQAgISnuEN3j3hPXkv3utPtODlf4 7hj7yPb8hLje4=</latexit><latexit sha1_base64="yn fiWnQQVJl5st+JQYlsW6z0OiI=">AAAB63icbZDLTgIxFI bP4A3xhrp00wgmrsgMMdEliQtdYiKXCBPSKR1o6GXSdkzI hKfQlVF3vo0v4NtYcBYK/quv5/+bnP9ECWfG+v6XV1hb39 jcKm6Xdnb39g/Kh0dto1JNaIsornQ3woZyJmnLMstpN9EUi 4jTTjS5nvudR6oNU/LeThMaCjySLGYEWzd6qN4Msr4eq1l 1UK74NX8htApBDhXI1RyUP/tDRVJBpSUcG9ML/MSGGdaWE U5npX5qaILJBI9oz6HEgpowW2w8Q2ex0siOKVq8f2czLIy ZishlBLZjs+zNh/95vdTGV2HGZJJaKomLOC9OObIKzYujI dOUWD51gIlmbktExlhjYt15Sq5+sFx2Fdr1WuDXgrt6pXGR H6IIJ3AK5xDAJTTgFprQAgISnuEN3j3hPXkv3utPtODlf4 7hj7yPb8hLje4=</latexit><latexit sha1_base64="yn fiWnQQVJl5st+JQYlsW6z0OiI=">AAAB63icbZDLTgIxFI bP4A3xhrp00wgmrsgMMdEliQtdYiKXCBPSKR1o6GXSdkzI hKfQlVF3vo0v4NtYcBYK/quv5/+bnP9ECWfG+v6XV1hb39 jcKm6Xdnb39g/Kh0dto1JNaIsornQ3woZyJmnLMstpN9EUi 4jTTjS5nvudR6oNU/LeThMaCjySLGYEWzd6qN4Msr4eq1l 1UK74NX8htApBDhXI1RyUP/tDRVJBpSUcG9ML/MSGGdaWE U5npX5qaILJBI9oz6HEgpowW2w8Q2ex0siOKVq8f2czLIy ZishlBLZjs+zNh/95vdTGV2HGZJJaKomLOC9OObIKzYujI dOUWD51gIlmbktExlhjYt15Sq5+sFx2Fdr1WuDXgrt6pXGR H6IIJ3AK5xDAJTTgFprQAgISnuEN3j3hPXkv3utPtODlf4 7hj7yPb8hLje4=</latexit><latexit sha1_base64="yn fiWnQQVJl5st+JQYlsW6z0OiI=">AAAB63icbZDLTgIxFI bP4A3xhrp00wgmrsgMMdEliQtdYiKXCBPSKR1o6GXSdkzI hKfQlVF3vo0v4NtYcBYK/quv5/+bnP9ECWfG+v6XV1hb39 jcKm6Xdnb39g/Kh0dto1JNaIsornQ3woZyJmnLMstpN9EUi 4jTTjS5nvudR6oNU/LeThMaCjySLGYEWzd6qN4Msr4eq1l 1UK74NX8htApBDhXI1RyUP/tDRVJBpSUcG9ML/MSGGdaWE U5npX5qaILJBI9oz6HEgpowW2w8Q2ex0siOKVq8f2czLIy ZishlBLZjs+zNh/95vdTGV2HGZJJaKomLOC9OObIKzYujI dOUWD51gIlmbktExlhjYt15Sq5+sFx2Fdr1WuDXgrt6pXGR H6IIJ3AK5xDAJTTgFprQAgISnuEN3j3hPXkv3utPtODlf4 7hj7yPb8hLje4=</latexit>
G(234) = G⇢   v1v3 + v1v4
<latexit sha1_base64="EFAIRjcjwa0Ci1wC9dn+Z33VF b4=">AAACBXicbZBNS8MwHMZTX+d8q3r0UrYJE3G020AvwsCDHie4F9hKSbN0DUubkqSDUXrWL6MnUW9+Ab+A38as9qC bzyW//J8nkOfvRpQIaZpf2srq2vrGZmGruL2zu7evHxx2BYs5wh3EKON9FwpMSYg7kkiK+xHHMHAp7rmT67nfm2IuCAvv 5SzCdgDHIfEIglKNHL1UuXGSar3RPE2vFA25z9LzqWNNncZZdjQrjl42a2YmYxmsHMogV9vRP4cjhuIAhxJRKMTAMiNp J5BLgihOi8NY4AiiCRzjgcIQBljYSdYlNU48xg3pYyO7/84mMBBiFrgqE0Dpi0VvPvzPG8TSu7QTEkaxxCFSEeV5MTUkM +YrMUaEYyTpTAFEnKhfGsiHHCKpFldU9a3FssvQrdcss2bd1cutZr6IAjgGJVAFFrgALXAL2qADEHgEz+ANvGsP2pP2o r3+RFe0/M0R+CPt4xsi25ZJ</latexit><latexit sha1_base64="EFAIRjcjwa0Ci1wC9dn+Z33VF b4=">AAACBXicbZBNS8MwHMZTX+d8q3r0UrYJE3G020AvwsCDHie4F9hKSbN0DUubkqSDUXrWL6MnUW9+Ab+A38as9qC bzyW//J8nkOfvRpQIaZpf2srq2vrGZmGruL2zu7evHxx2BYs5wh3EKON9FwpMSYg7kkiK+xHHMHAp7rmT67nfm2IuCAvv 5SzCdgDHIfEIglKNHL1UuXGSar3RPE2vFA25z9LzqWNNncZZdjQrjl42a2YmYxmsHMogV9vRP4cjhuIAhxJRKMTAMiNp J5BLgihOi8NY4AiiCRzjgcIQBljYSdYlNU48xg3pYyO7/84mMBBiFrgqE0Dpi0VvPvzPG8TSu7QTEkaxxCFSEeV5MTUkM +YrMUaEYyTpTAFEnKhfGsiHHCKpFldU9a3FssvQrdcss2bd1cutZr6IAjgGJVAFFrgALXAL2qADEHgEz+ANvGsP2pP2o r3+RFe0/M0R+CPt4xsi25ZJ</latexit><latexit sha1_base64="EFAIRjcjwa0Ci1wC9dn+Z33VF b4=">AAACBXicbZBNS8MwHMZTX+d8q3r0UrYJE3G020AvwsCDHie4F9hKSbN0DUubkqSDUXrWL6MnUW9+Ab+A38as9qC bzyW//J8nkOfvRpQIaZpf2srq2vrGZmGruL2zu7evHxx2BYs5wh3EKON9FwpMSYg7kkiK+xHHMHAp7rmT67nfm2IuCAvv 5SzCdgDHIfEIglKNHL1UuXGSar3RPE2vFA25z9LzqWNNncZZdjQrjl42a2YmYxmsHMogV9vRP4cjhuIAhxJRKMTAMiNp J5BLgihOi8NY4AiiCRzjgcIQBljYSdYlNU48xg3pYyO7/84mMBBiFrgqE0Dpi0VvPvzPG8TSu7QTEkaxxCFSEeV5MTUkM +YrMUaEYyTpTAFEnKhfGsiHHCKpFldU9a3FssvQrdcss2bd1cutZr6IAjgGJVAFFrgALXAL2qADEHgEz+ANvGsP2pP2o r3+RFe0/M0R+CPt4xsi25ZJ</latexit><latexit sha1_base64="EFAIRjcjwa0Ci1wC9dn+Z33VF b4=">AAACBXicbZBNS8MwHMZTX+d8q3r0UrYJE3G020AvwsCDHie4F9hKSbN0DUubkqSDUXrWL6MnUW9+Ab+A38as9qC bzyW//J8nkOfvRpQIaZpf2srq2vrGZmGruL2zu7evHxx2BYs5wh3EKON9FwpMSYg7kkiK+xHHMHAp7rmT67nfm2IuCAvv 5SzCdgDHIfEIglKNHL1UuXGSar3RPE2vFA25z9LzqWNNncZZdjQrjl42a2YmYxmsHMogV9vRP4cjhuIAhxJRKMTAMiNp J5BLgihOi8NY4AiiCRzjgcIQBljYSdYlNU48xg3pYyO7/84mMBBiFrgqE0Dpi0VvPvzPG8TSu7QTEkaxxCFSEeV5MTUkM +YrMUaEYyTpTAFEnKhfGsiHHCKpFldU9a3FssvQrdcss2bd1cutZr6IAjgGJVAFFrgALXAL2qADEHgEz+ANvGsP2pP2o r3+RFe0/M0R+CPt4xsi25ZJ</latexit>
Figure 3: With G = P4 defined as in Figure 1, we perform the feasible edge-replacement given by
12→ 14 ∈ RG in the copy Gρ of G where ρ = (23), obtaining the copy Gσ ρ = G(234).
Item (iii) of Lemma 2.2 means that performing a feasible edge-replacement e→ e′ ∈ RG
in a copy Gρ of G yields the copy of G given by the permutation σ ρ, where we can choose
any σ ∈ SG(e → e′). It now makes sense to consider the group SG generated by the
permutations associated to all feasible edge-replacements, that is, by the set
EG =
⋃
e→e′∈RG
SG(e→ e′).
Thus,
SG = 〈EG〉 .
Clearly, SG acts on the set {Gρ | ρ ∈ Sn} by means of (σ,Gρ) 7→ Gσρ, where σ ∈ SG
and ρ ∈ Sn. Observe that this action represents what happens when a series of feasible
edge-replacements, represented by σ, is performed on a copy Gρ of G: the result is the
graph Gσρ. We shall also note that a trivial edge-replacement, i.e. an edge-replacement
rs→ kl where {r, s} = {k, l}, is always feasible, and Aut(G) ∼= {σ ∈ Sn |Gσ = G} ≤ SG.
The following observation is straightforward from the definition of feasible edge-replacement
and item (iii) of Lemma 2.2.
Observation 2.4. Let G be a graph defined on the vertex set V = {v1, v2, . . . , vn}. For any
vi ∈ V , rs→ kl ∈ RG, σ ∈ SG(rs→ kl) and ρ ∈ Sn, we have
degGσρ(vi) =

degGρ(vi)− 1, if i ∈ {r, s} \ {k, l}
degGρ(vi) + 1, if i ∈ {k, l} \ {r, s}
degGρ(vi), else.
In the next lemma, we discuss the connection between the feasible edge-replacements
of a graph G and those of its complement graph G, concluding that the corresponding
associated groups are the same.
Lemma 2.5. Let G be a graph defined on the vertex set V = {v1, v2, . . . , vn}. Then,
(i) For any σ ∈ SG, Gσ = Gσ.
(ii) rs→ kl ∈ RG if and only if kl→ rs ∈ RG.
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(iii) SG(rs→ kl) = SG(rs→ kl).
(iv) SG = SG.
Proof. (i) The statement follows from,
E(Gσ) = E(Kn) \ {vσ−1(i)vσ−1(j) | ij ∈ L} = {vσ−1(i)vσ−1(j) | ij /∈ L} = E(Gσ).
(ii) Let rs→ kl ∈ RG and σ ∈ SG(rs→ kl). Then Gσ = G− vrvs + vkvl = G− vkvl + vrvs.
Since Gσ ∼= G, then Gσ ∼= G, and thus we deduce that G− vkvl + vrvs ∼= G, implying that
kl→ rs ∈ RG. The converse is analogous.
(iii) By what we showed in items (i) and (ii), we have Gσ = Gσ = G− vkvl + vrvs = Gτ for
any τ ∈ SG(kl→ rs). It follows that σ ∈ SG(kl→ rs). Hence, SG(rs→ kl) ⊆ SG(kl→ rs).
The other inclusion is analogous.
(iv) By items (ii) and (iii), we have
SG = 〈σ | σ ∈ SG(rs→ kl) for some rs→ kl ∈ RG〉
= 〈σ | σ ∈ SG(kl→ rs) for some kl→ rs ∈ RG〉 = SG.
We shall note that the graphs that we have considered are not necessarily connected.
Actually, we will work with (non-connected) graphs containing isolated vertices. To finish
this section, we establish important facts related to the feasible edge-replacements in such
graphs. For a group S ≤ Sn acting on [n] and a subset X ⊆ [n], we denote by StabS(X),
the stabilizer of S on X, that is
StabS(X) = {σ ∈ S | σ(x) ∈ X for all x ∈ X}.
Lemma 2.6. Let G = H ∪ H ′ be the disjoint union of two graphs H and H ′, where
G has order n and H has order m < n. Let V (H) = {v1, v2, . . . , vm} and V (H ′) =
{vm+1, vm+2, . . . , vn}. For each σ ∈ SH and τ ∈ RH′, define ρ = ρ(σ, τ) ∈ Sn as
ρ(i) =
{
σ(i), if i ∈ [m]
τ(i), else,
Then RH , RH′ ⊆ RG and SH × SH′ ∼= {ρ(σ, τ) | σ ∈ SH , τ ∈ RH′} ≤ StabSG([m]).
Proof. That RH , RH′ ⊆ RG is easy to see. Let σ ∈ SH and τ ∈ RH′ . By definition, σ =
σqσq−1 · · ·σ1 for certain σ1, · · · , σq ∈ EH , while τ = τq′τq′−1 · · · τ1 for certain τ1, · · · , τq′ ∈
EH′ . Without loss of generality, assume that q ≥ q′. Define τj = idSH′ for q′ + 1 ≤ j ≤ q.
For 1 ≤ j ≤ q, let
ρj(i) =
{
σj(i), if i ∈ [m]
τj(i), else.
Since RH , R
′
H ⊆ RG and, for 1 ≤ i ≤ q,
Gρj = (H ∪H ′)ρj = Hσj ∪H ′τj ,
then ρ1, · · · , ρq ∈ EG. Moreover, ρ = ρqρq−1 · · · ρ1 and ρ ∈ StabSG([m]). Since, clearly
SH × SH′ ∼= {ρ(σ, τ) | σ ∈ SH , τ ∈ RH′}, the latter is a subgroup of StabSG([m]).
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Remark 2.7. In view of Lemma 2.6, we will identify the groups {ρ(σ, τ) | σ ∈ SH , τ ∈ RH′}
and SH × SH′ and we will use the notation (σ, τ) instead of ρ(σ, τ). Since we have that
SH × SH′ ≤ StabSG([m]) ≤ SG, we have in particular that SH ∼= SH × 〈idSH′ 〉 ≤ SG and
that SH′ ∼= 〈idSH〉 × SH′ ≤ SG. Hence, again in an abuse of notation, we will say that SH
and SH′ are subgroups of SG.
Lemma 2.8. Let G be a graph and G∗ = G∪tK1 for some t ≥ 1. Let V (G) = {v1, v2, . . . , vn}
and V (G∗) = {v1, v2, . . . , vn+t}. Then we have the following properties.
(i) For any e → e′ ∈ RG and σ ∈ SG∗(e → e′), the permutation σ̂ ∈ Sn defined by
σ̂(i) = σ(i) for i ∈ [n] satisfies σ̂ ∈ SG(e→ e′).
(ii) If e→ e′ ∈ RG∗ \RG, then e 6= e′ and we have one of two cases.
• e = rs and e′ = kl for some r, s, k ∈ [n] and l ∈ [n + 1, n + t] such that
degG∗(vr) = 1. Moreover, SG∗(e→ e′) = {ϕ ◦ (r l) | ϕ ∈ AG∗}.
• e = rs and e′ = kl for some r, s ∈ [n] and k, l ∈ [n + 1, n + t] such that
degG∗(vr) = degG∗(vs) = 1. Moreover, SG∗(e→ e′) = {ϕ ◦ (r k)(s l) | ϕ ∈ AG∗}.
Proof. (i) Let e → e′ ∈ RG and σ ∈ SG∗(e → e′), where e = rs and e′ = kl, for certain
r, s, k, l ∈ [n]. Then
G∗σ = G
∗ − vrvs + vkvl = (G− vrvs + vkvl) ∪ tK1 = Gσ̂ ∪ tK1.
Hence, σ̂ ∈ SG(e→ e′).
(ii) Any feasible edge-replacement e → e′ ∈ RG∗ \ RG, where e = rs and e′ = kl is such
that it involves an edge vrvs in G and an edge in vkvl ∈ E(G∗) \ E(G). Hence, at least
one of vk, vl has degree 0, say degG∗(vl) = 0. Since the degree sequence is preserved after
the edge-replacement, we have that at least one of vr, vs is of degree 1, say degG∗(vr) = 1.
Suppose first that k ∈ [n]. Then r, s, k ∈ [n] and l ∈ [n+ 1, n+ t] such that degG∗(vr) = 1.
It is also easy to see that {ϕ ◦ (r l) | ϕ ∈ AG∗} ⊆ SG∗(e → e′). On the other hand, for
σ ∈ SG∗(e→ e′), we know that E(G∗σ) = E
(
G∗(r l)
)
, from which we can deduce that there
is a ϕ ∈ AG∗ such that
G∗σ =
(
G∗(r l)
)
ϕ
= G∗ϕ◦(r l).
From the latter we obtain that σ = ϕ ◦ (r l), and thus SG∗(e → e′) ⊆ {ϕ ◦ (r l) | ϕ ∈
AG∗}. Altogether, we have SG∗(e → e′) = {ϕ ◦ (r l) | ϕ ∈ AG∗}. On the other hand,
if k ∈ [n + 1, n + t], then we have r, s ∈ [n] and k, l ∈ [n + 1, n + t], from which we
deduce that vs has degree 1, too. Hence, degG∗(vr) = degG∗(vs) = 1. It is also clear that
ϕ ◦ (r k)(s l) ∈ SG∗(e → e′) for any ϕ ∈ AG∗ . To show the other contention direction, we
proceed analogously to previous case.
3 Local amoebas and global amoebas
In the previous section we define, for any (not necessarily connected) graph G of order n,
a subgroup SG of Sn generated by the set of permutations in Sn associated to the feasible
edge-replacements of G. By means of this group, we are ready to define both types of
amoebas.
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Definition 3.1. A graph G of order n is called a local amoeba if SG = Sn. That is,
any labeled copy of G embedded in Kn can be reached, from G, by a chain of feasible edge-
replacements. On the other hand, a graph G is called global amoeba if there is an integer
T ≥ 0 such that G ∪ tK1 is a local amoeba for all t ≥ T .
Note that for the concept of global amoeba, which is the one considered already in the
literature [3], we can maintain the image of a graph G embedded in a complete graph KN ,
with N = n+ t much larger than |V (G)| = n, traveling via feasible edge replacements from
any given copy of it to any other one.
It is not difficult to convince oneself that, for every n ≥ 2, a path Pn is both a local
amoeba and a global amoeba, while a cycle Cn is neither a local amoeba nor a global
amoeba, for any n ≥ 3. After developing some theory, we will provide formal arguments
to prove the above facts and, also, to prove rigorously all statements in the next example,
in which we exhibit interesting graphs and families of graphs concerning all possibilities of
being, or not, a local or a global amoeba.
Example 3.2.
1. The following graphs are neither local nor global amoebas:
(a) The star K1,k−1 on k vertices, for k ≥ 4.
(b) Every (non-complete) r-regular graph, for r ≥ 2.
2. The following graphs are are both, local amoeba and global amoebas:
(a) The path Pk on k vertices, for k ≥ 2.
(b) The graph C(k, 1) obtained from a cycle on k vertices by attaching a pendant
vertex, for k ≥ 3.
3. The following graphs are are local but not global amoebas:
(a) The graph K−k obtained from the complete graph Kk by deleting one edge, for
k ≥ 4.
(b) The graph C+5 obtained from a cycle on five vertices by adding one edge between
two diametrical vertices.
4. The following graphs are global but not local amoebas:
(a) tPk, for t ≥ 2 and k ≥ 2.
(b) The graph G10 of order 10 depicted in Figure 4.
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Figure 4: A connected graph which is global amoeba but not local amoeba.
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We point out that some of the statements in Example 3.2 are easy to prove but some
others are not. For instance, consider the graph depicted in Figure 4: at a first glance, it
is not clear why this graph is a global amoeba but not a local amoeba. In the following
section, we will give structural results that will help us understand the families of local and
global amoebas, as well as the relationship between them.
3.1 Structural results
We begin by noticing simple properties.
Proposition 3.3. Let G be a graph of order n.
(i) G is a local amoeba if and only if G is a local amoeba.
(ii) If all feasible edge-replacements of G are trivial, then G is a local amoeba if and only
if G = Kn or G = Kn.
Proof. Item (i) follows from item (iv) of Lemma 2.5 and the definition of local amoeba.
To prove item (ii), let G be a graph with only trivial feasible edge-replacements, then
EG = {σ ∈ Sn |Gσ = G} ∼= Aut(G). Since, by definition, SG = 〈EG〉, then SG = Sn if and
only if Aut(G) ∼= Sn, which holds precisely when G = Kn or G = Kn.
Next we prove a very useful fact concerning the degree sequences of local and global
amoebas.
Proposition 3.4. Let G be a graph of order n with minimum degree δ and maximum
degree ∆. If G is a local amoeba then, for every integer r with δ ≤ r ≤ ∆, there is a
vertex v ∈ V (G) with degG(v) = r. If G is a global amoeba the same is true and, moreover,
δ ∈ {0, 1}.
Proof. Let G be a local amoeba with V = {v1, v2, . . . , vn} and let k, l ∈ [n] be such that
degG(vk) = δ and degG(vl) = ∆. Since G is a local amoeba, SG
∼= Sn, implying that there
is a τ ∈ SG such that τ = (k l). Let σ1, · · · , σq ∈ EG be such that τ = σqσq−1 · · ·σ1. Now
set τi = σiσi−1 · · ·σ1, for 1 ≤ i ≤ q, and τ0 = id. In particular, we have τq = τ . Consider
now the sequence (
degGτi
(vk)
)
0≤i≤q
.
We know the first and the last values of this sequence, namely degGτ0 (vk) = degG(vk) = δ
and degGτq (vk) = degGτ (vk) = degG(kl)(vk) = degG(vl) = ∆. If r ∈ {δ,∆}, we are done.
Now, suppose there is an integer r with δ < r < ∆ such that degGτi
(vk) 6= r for all 0 ≤ i ≤ q.
Let j be the first index where degGτj
(vk) ≥ r+ 1. Then we have degGτj−1 (vk) ≤ r− 1. But,
since Gτj is obtained by performing a feasible edge-replacement in Gτj−1 , by Observation 2.4,
we have |degGτj (vk)−degGτj−1 (vk)| ≤ 1, which is not possible in this case. Hence, we obtain
a contradiction and it follows that there is a j such that degGτj
(vk) = r. Since Gτj
∼= G, it
follows that G has a vertex of degree r.
If G is a global amoeba, by definition, G ∪ tK1 is a local amoeba for some t ≥ 1. By
the previous case, this local amoeba satisfies the desired degree sequence condition and,
moreover, necessarily δ ∈ {0, 1}.
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The next observation will be a useful tool to determine if a graph G is a local amoeba.
To continue we need some terminology. Given a subgroup S ≤ Sn and k ∈ [n], we denote
by Sk the orbit of k by means of the canonical action of S on [n], i.e.
Sk = {σ(k) | σ ∈ S}.
Also, we use StabS(k) = {σ ∈ S | σ(k) = k}. By the well known fact that the symmetric
group Sn is generated by 〈S ∪ {(i k)}〉, where S is a transitive subgroup of StabSn(k) for
some k ∈ [n], we have the following observation.
Observation 3.5. Let G be a graph of order n. Then G is a local amoeba if and only if
there is a k ∈ [n] such that StabSG(k) acts transitively on [n] \ {k} and (j k) ∈ SG for some
j ∈ [n] \ {k}.
By means of Observation 3.5, we get the following.
Lemma 3.6. If G is a local amoeba with δ(G) ∈ {0, 1}, then G ∪K1 is a local amoeba.
Proof. LetG be a local amoeba defined on the vertex set V = {v1, v2, . . . , vn}. IfG = Kn, we
are done by Proposition 3.3 (ii). Hence, in view of Proposition 3.4 and because δ(G) ∈ {0, 1},
we can assume that G has a vertex of degree 1, say degG(vn) = 1. Consider now the graph
G∪K1 defined on the vertex set V ∪{vn+1}. Consider, as in Lemma 2.6, the permutations
(σ, id) ∈ SG∪K1 , where σ ∈ SG. Moreover,
Sn ∼= SG ∼= 〈(σ, id) | σ ∈ SG〉 ≤ StabSG∪K1 (n+ 1)
which acts transitively on [n]. Also note that (n n+ 1) ∈ SG∪K1 (by means of the feasible
edge-replacement rn → r(n + 1) where vr is the only neighbor of vn). With the use
of Observation 3.5, we conclude that SG∪K1 = Sn+1, implying that G ∪ K1 is a local
amoeba.
Now we are ready to prove a theorem that gives equivalent statements for the definition
of a global amoeba.
Theorem 3.7. Let G be a graph defined on the vertex set V = {v1, v2, . . . , vn}. The
following statements are equivalent:
(i) G is a global amoeba.
(ii) For each x ∈ [n], there is a y ∈ SGx such that degG(vy) = 1.
(iii) G ∪K1 is a local amoeba.
(iv) G ∪ tK1 is a local amoeba for some t ≥ 1.
Proof. We will show (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (i). To see (i) ⇒ (ii), let G be a global
amoeba. By definition, we know that for some t ≥ 1, G∗ = G ∪ tK1 is a local amoeba,
that is, SG∗ ∼= Sn+t. Let V (G∗) = V ∪ {vn+1, ..., vn+t} and let x ∈ [n]. Take a permutation
τ ∈ SG∗ with τ(x) = l for some l ∈ [n + 1, n + t]. We know that τ = σqσq−1 · · ·σ1 where
σ1, · · · , σq ∈ EG∗ . Set τi = σi . . . σ1, 1 ≤ i ≤ q. We will show that τ can been chosen having
the following properties:
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(a) τi(x) ∈ [n] for all 1 ≤ i ≤ q − 1.
(b) τi(x) 6= τj(x) for any pair i, j with 1 ≤ i < j ≤ q.
(c) σi ∈ Stab([n]), for 1 ≤ i ≤ q − 1.
If τi(x) ∈ [n + 1, n + t] for some i < q, then we can take τi instead of τ . Hence, we
may assume property (a). If τi(x) = τj(x) for some pair 1 ≤ i < j ≤ q, then we can
take τ ′ = σqσq−1 . . . σj+1σiσi−1 . . . σ1 in stead of τ . Hence, we may assume (b). Suppose
σj /∈ Stab([n]) for some j ∈ {1, 2, . . . , q − 1}. Choose j such that it is minimum with
this property. Then σj(r) = l for some r ∈ [n] \ {τj−1(x)} and some l ∈ [n + 1, n + t].
By Lemma 2.8 (ii), either σj = ϕ ◦ (r l) for some ϕ ∈ AG∗ , or σj = ϕ ◦ (r l)(s k) for
some s ∈ [n] \ {r, τj−1(r)}, k ∈ [n + 1, n + t] \ {l}, and for some ϕ ∈ AG∗ . Suppose we
have the first, i.e., σj = ϕ ◦ (r l). Since {(r l), ϕ} ⊆ EG∗ , (r l)(τj−1(m)) = τj−1(m), and
ϕ(τj−1(x)) = τj(x), we can replace τ by τ ′ = σ′q . . . σ′1, with σ′i = σi for 1 ≤ i ≤ q, i 6= j,
and σ′j = ϕ. Thus, we can assume that σi ∈ Stab([n]), for 1 ≤ i ≤ q − 1 and property
(c) is satisfied. The case that σj = ϕ ◦ (r l)(s k) is completely analogous. Now, since
τq−1(x) ∈ [n] and σq(τq−1(x)) = τq(x) = τ(x) = l ∈ [n + 1, n + t], it follows by Lemma 2.8
(ii), that σq = ρ ◦ (l y) for some ρ ∈ AG∗ and y = τq−1(x), where degG∗(vy) = 1. Finally,
we will show that y ∈ SGx. To this aim, for each 1 ≤ i ≤ q − 1, we define a permutation
σ̂i ∈ Sn by σ̂i(j) = σi(j) for all j ∈ [n], which by Lemma 2.8 (i) satisfies σ̂i ∈ SG. Then
(σ̂q−1 . . . σ̂1)(x) = (σq−1 . . . σ1)(x) = τq−1(x) = y,
implying that y ∈ SGx. Since degG(vy) = degG∗(vy) = 1, we have finished.
To see (ii) ⇒ (iii), let G∗ = G∪K1 with V (G∗) = V ∪ {vn+1}. Assume, without loss of
generality, that v1, . . . , vp are the vertices of degree 1 in G. Note that item (iii) is equivalent
to say that [n] = ∪pi=1SGi. For every σ ∈ SG, consider, as in Lemma 2.6, the permutations
(σ, id) ∈ StabSG∗ (n + 1). Let k ∈ SGi for some i ∈ [p]. Then there is a σ ∈ SG such that
σ(k) = i. Moreover (i n+1) ∈ SG∗ for every i ∈ [p] because of the feasible edge-replacement
sii→ si(n+ 1) ∈ RG∗ , where vsi is the unique neighbor if vi in G. Then
(σ, id)−1(i n+ 1)(σ, id)(j) =

n+ 1, if j = k
k, if j = n+ 1
j, else.
Hence, (σ, id)−1(i n+ 1)(σ, id) = (k n+ 1) ∈ SG∗ . Since this holds for each k ∈
⋃p
i=1 SGi =
[n], (k n+ 1) ∈ SG∗ for all k ∈ [n] and we conclude that SG∗ ∼= Sn+1. Hence, G∗ = G ∪K1
is a local amoeba.
The implication (iii) ⇒ (iv) is direct and the fact that item (iv) implies item (i) follows
by Lemma 3.6 and the definition of global amoeba.
Observe that from the proof of implication (i) ⇒ (ii), in view of Observation 2.4, we
can deduce that actually, a graph G is a global amoeba if and only if for each x ∈ [n] such
that degG(vx) ≥ 2, there is a σ ∈ SG such that degG(vσ(x)) = degG(vx)− 1.
Also, as a corollary of Theorem 3.7 we show that a graph which is the disjoint union of
several global amoebas is again a global amoeba.
12
Corollary 3.8. Let H and H ′ be two vertex-disjoint global amoebas. Then G = H ∪H ′ is
a global amoeba, too.
Proof. Let V (H) = {v1, v2, . . . , vm} and V (H ′) = {vm+1, vm+2, . . . , vn}. Let IH and IH′ be
the sets of all indexes of the vertices of degree one in H and H ′, respectively. Since H and
H ′ are global amoebas, we have, by the equivalence of items (i) and (ii) of Theorem 3.7,
that ⋃
i∈IH
SHi = [m] and
⋃
i∈IH′
SH′i = [m+ 1, n].
Hence, with S ≤ SG the soubgroup isomorphic to SH × SH′ (see Lemma 2.6) and I =
IH ∪ IH′ , we obtain
[n] =
⋃
i∈I
Si ⊆
⋃
i∈I
SGi,
from which, again by the equivalence of items (i) and (ii) of Theorem 3.7, we obtain that
G is a global amoeba.
Observe that the converse statement of Corollary 3.8 is not valid. For example, let
H = Pk and H
′ = Ck, for k ≥ 3. The graph G = H ∪H ′ is a global amoeba (see item 4 (b)
of Example 3.2). However, H = Ck is not a global amoeba (see item 1 (a) of Example 3.2).
We remark also at this point that there is no corresponding result to Corollary 3.8 for
local amoebas, since the union of two local amoebas is not necessarily again a local amoeba
(see for instance Example 3.2 4.(a)).
To conclude this section, we analyze the relationship between local and global amoebas.
Recall that, by Proposition 3.4, every global amoeba G has δ(G) ∈ {0, 1}. On the other
hand, a local amoeba can have minimum degree arbitrarily large (see Example 3.2 item 3
(a)). Interestingly, a local amoeba with minimum degree 0 or 1 is a global amoeba too,
and the converse is true only when δ(G) = 0. We will prove the latter facts in the next
corollary. Before this, we shall note that, in item 4 of Example 3.2, connected as well as
non-connected global amoebas with minimum degree one are presented which, in fact, are
not local amoebas.
Corollary 3.9. Let G be a graph minimum degree δ.
(i) If δ ∈ {0, 1} and G is a local amoeba, then G is a global amoeba.
(ii) If δ = 0, then G is a local amoeba if and only if G is a global amoeba.
Proof. Let G be a local amoeba with δ(G) ∈ {0, 1}. By Lemma 3.6, G ∪ K1 is a local
amoeba and thus Theorem 3.7 yields that G is a global amoeba. This proves item (i) and
the “only if” part of item (ii). To prove the “if” part of item (ii), suppose that G is a global
amoeba with δ(G) = 0. Let X be the set of isolated vertices of G with |X| = q ≥ 1 and let
G′ = G−X. Hence, G = G′ ∪ qK1. Since G is a global amoeba, Theorem 3.7 implies that
G ∪K1 is a local amoeba. But G ∪K1 = G′ ∪ qK1 ∪K1 = G′ ∪ (q − 1)K1 ∪ 2K1 and we
can use again Theorem 3.7 (with t=2) to conclude that G′ ∪ (q − 1)K1 ∪K1 = G is a local
amoeba, too.
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3.2 Proofs for the statements in Example 3.2
Now we can prove all statements of Example 3.2. We will use two ways of generating the
symmetric group Sn: the one described in Observation 3.5 and the fact that 〈σ, τ〉 ∼= Sn,
where σ is an n-cycle and τ any transposition of two consecutive elements of the cycle.
1.(a) The star K1,k−1 on k vertices is neither a local amoeba nor a global amoeba for k ≥ 4
since it does not fulfill the conditions of the degrees described in Propositions 3.4.
1.(b) A non-complete r-regular graph is not a local amoeba by Proposition 3.3 (ii) because
the regularity implies it has only trivial feasible edge-replacements. An r-regular
graph is not a global amoeba, for r ≥ 2 in view of Propositions 3.4.
2.(a) The path Pk on k vertices is both a local and a global amoeba for k ≥ 3 because
of the following. Let Pk be defined on the vertex set {v1, v2, . . . , vk} with L(Pk) =
{1 2, 2 3, . . . , (k − 1) k}. Consider the feasible edge-replacements (k − 1) k → 1 k and
2 3→ 1 3, which give the permutations (1 2 3 . . . k) and (1 2) that generate Sk. Thus,
Pk is a local amoeba and, by item (i) of Corollary 3.9, it is also a global amoeba.
2.(b) The graph C(k, 1) obtained from a cycle on k vertices by attaching a pendant vertex,
for k ≥ 3. Let C(k, 1) be defined on the vertex set {v1, v2, . . . , vk+1} with edges
{vivi+1 | i ∈ Zk}∪{v1vk+1}. Then 1 (k+1)→ k (k+1) and (k−1) k → (k−1) (k+1)
are feasible edge-replacements that give the permutations (1 2 3 . . . k) and (k k + 1)
that generate Sk+1. Thus, C(k, 1) is a local amoeba and, item (i) of Corollary 3.9, it
is also a global amoeba.
3.(a) Let k ≥ 4. The graph K−k obtained from the complete graph Kk by deleting one edge
is a local amoeba by Proposition 3.3 (i) since K−k = K2 ∪ (k − 2)K1 is clearly a local
amoeba. On the other hand, K−k is not a global amoeba because of Proposition 3.4.
3.(b) Let C+5 be defined on the vertex set {v1, v2, v3, v4, v5} with edges v1v2, v2v3, v3v4,
v4v5, v1v4. Consider the feasible edge-replacements 4 5→ 2 5 and 1 5→ 3 5 that give
permutations (2 4) and (1 3) respectively. Note that those permutations together
with the automorphism (1 4)(2 3) belong to StabS
G+5
(5). Hence, StabS
G+5
(5) acts
transitively on the set [4] and, since we also have (1 5) ∈ SG+5 by the feasible edge-
replacement 1 2→ 2 5, we conclude that C+5 is a local amoeba by Observation 3.5.
4.(a) For t ≥ 2 and k ≥ 2, tPk is not a local amoeba by Proposition 3.3 because it has
only trivial edge-replacements. However, the graph tPk is a global amoeba because of
Theorem 4.1 and the fact that Pk is a local amoeba (see item 2(a) of this example).
4.(b) Let T be the set of trivial feasible edge replacements of G10. Then the set of feasible
edge-replacements of G10 is RG10 = T∪{3 4→ 2 4, 1 2→ 1 4, 1 5→ 2 5, 15→ 1 9, 1 5→
2 9, 8 9→ 9 10, 5 6→ 5 10, 7 10→ 8 10} and the set of permutations associated to those
feasible edge-replacements is
EG10 = {id, (2 3), (2 4), (1 2), (5 9)(6 8), (1 2)(5 9)(6 8), (8 10), (6 10), (6 9)(7 8)}.
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Analyzing EG10 , it is not difficult to see that 〈EG10〉 = SG10 has two orbits, namely
{1, 2, 3, 4} and {5, 6, 7, 8, 9, 10} (this can be also be deduced from seeing the picture of
G10 in Figure 4). Since SG10 6= S10, G10 is not a local amoeba. However, since every
orbit in SG10 has a vertex of degree one, we deduce from Theorem 3.7(ii) that G10 is
a global amoeba.
4 Constructions
In this section, we will give some constructions of amoebas that arise from smaller amoebas.
In particular, we will be able to construct large and also dense amoebas, as well as amoebas
with large cliques and amoeba-trees with arbitrarily large maximum degree.
The next theorem allows us to enlarge a global amoeba by means of taking a copy of a
portion of its components where either an edge is added or deleted.
Theorem 4.1. Let G = H ′ ∪H ′′ be a global amoeba, where H ′ and H ′′ are vertex-disjoint
subgraphs of G (where H ′′ can be possibly empty, meaning that G = H ′) and such that
E(G) = E(H ′) ∪ E(H ′′). Let H be a copy of H ′ which is vertex disjoint from G. Then we
have the following facts.
(i) If E(H) 6= ∅, then, for any e ∈ E(H), G ∪ (H + e) is a global amoeba.
(ii) If E(H) 6= ∅, then, for any e ∈ E(H), G ∪ (H − e) is a global amoeba.
Proof. We will give only the proof of item (i) as the one of (ii) can be deduced similarly.
Let V (G) = {v1, v2, . . . , vn}, and V (H ′) = {v1, v2, . . . , vm}, where m ≤ n. Let V (H) =
{vn+1, vn+2, . . . , vn+m} and e = vn+jvn+k ∈ E(H) for some j, k ∈ [m]. Assume, without
loss of generality, that vn+i is the copy of vi in H, 1 ≤ i ≤ m. Then (n + j) (n + k) → j k
is a feasible edge-replacement in G ∪ (H + e) and the permutation σ ∈ Sn+m defined by
σ(i) = n+ i and σ(n+ i) = i, for 1 ≤ i ≤ m, and σ(i) = i for m+ 1 ≤ i ≤ n, is contained in
SG∪(H+e)((n + j) (n + k) → j k). Since SG ≤ SG∪(H+e), we also have SGi ⊆ SG∪(H+e)i for
any i ∈ [n]. If, in particular, i ∈ [m], then n + i ∈ SG∪(H+e)i as σ(n + i) = i. Since G is a
global amoeba, we know by the equivalence of items (i) and (ii) of Theorem 3.7, that SGi,
and thus SG∪(H+e)i, contains an element l ∈ [n] such that degG∪(H+e)(vl) = degG(vl) = 1,
hence G ∪ (H + e) is a global amoeba and we are done.
The converse statements of this theorem are not valid. For item (i), we can take (Ck ∪
K1)∪C(k, 1) that is a global amoeba by Theorem 4.1 (ii) because C(k, 1) is a global amoeba
(Example 3.2 2(b)). However, Ck ∪K1 is not a global amoeba because it has only trivial
feasible edge-replacements and it is nor complete nor empty (Proposition 3.3 (ii)). On the
other hand, for item (ii), consider the graph Ck ∪ Pk, for k ≥ 3 that we know is a global
amoeba by Example 3.2 4(c). However, we also know that Pk is a global amoeba, while Ck
is not.
From Theorem 4.1 we can deduce the following.
Corollary 4.2. Let G be any connected graph. Then there is a global amoeba H having G
as one of its components.
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Proof. We will construct a global amoeba H by means of the following recursion. Let
H0 = K1. For i ≥ 1, we do the following. If Hi−1 6∼= G, then either there is one edge
e ∈ E(Hi−1) such that the graph Hi−1 + e is contained in G as a subgraph, or there is one
edge e ∈ E(Hi−1 ∪K1)\E(Hi−1) such that (Hi−1∪K1)+e is contained in G as a subgraph.
In the first case we set Hi to be a copy of Hi−1 + e, in the second case to be a copy of
(Hi−1 ∪K1) + e. Since we add in each step a new edge and the obtained graph is always
contained in G as a subgraph, after m = e(G) steps, we will obtain a component Hm ∼= G.
By means of m consecutive applications of Theorem 4.1 (i) (where sometimes Hi−1 and
sometimes Hi−1 ∪ H0 plays the role of of H ′) and since H0 = K1 is a global amoeba, it
follows that H =
⋃m
i=0Hi is a global amoeba having one of its components isomorphic to
G.
As a consequence of Theorem 4.1, we obtain that there are global amoebas having
arbitrarily large chromatic and clique number.
Corollary 4.3. For any integer n, there is a global amoeba H with χ(H) = ω(H) = n.
4.1 Fibonacci amoeba-trees
As we know, paths, the simplest trees one can imagine having only 1 and 2-degree ver-
tices, are global amoebas. In this section, we will construct an infinite family of trees
via a Fibonacci-recursion which are global amoebas and which will have arbitrarily large
maximum degree (and by Proposition 3.4 vertices of all other possible degrees).
Lemma 4.4. Let G be a graph on vertex set V = {vi | i ∈ [n]}. Let G = G′ ∪ G′′ for
two subgraphs G′ and G′′ with respective vertex sets V ′ and V ′′. Let J ′ and J ′′ be the sets
of indexes of the vertices in V ′ and V ′′, respectively, and let I = J ′ ∩ J ′′. If there is a
σ ∈ EG′ ∩
⋂
j∈I StabSG′ (j), then the permutation
σ̂(i) =
{
σ(i), for i ∈ J ′ \ I
i, for i ∈ J ′′
is in EG.
Proof. Let σ ∈ EG′ ∩
⋂
j∈I StabSG′ (j). Then there is a feasible-edge replacement rs→ kl ∈
RG′ with r, s, k, l ∈ J ′. This edge-replacement gives a copy G′σ of G′ that leaves the vertices
vi with i ∈ I untouched, i.e. σ(i) = i for all i ∈ I. Then G = G′ ∪ G′′ ∼= G′σ ∪ G′′ = Gσ̂.
Hence, rs→ kl is also a feasible edge-replacement in G and σ̂ ∈ SG(rs→ kl) ⊆ EG.
Example 4.5. The graph G depicted below in Figure 5 is built by the union of the graph
G′ with index set J ′ = {1, 2, 3, 4, 5, 6} and the graph G′′ with index set J ′′ = {4, 5, 6, 7, 8, 9}.
The edge-replacement 12→ 13 is feasible in G′ and we have that σ = (2 3) ∈ SG′(12→ 13).
Since σ = (2 3) ∈ EG′∩
⋂
i=4,5,6 StabSG′ (i), it follows by previous lemma that σ̂ = (2 3) ∈ EG.
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Figure 5: Sketch for Example 4.5.
Let G be a graph on vertex set V = {vi | i ∈ [n]} and H another graph provided with a
special vertex called the root of H. Let I = {i1, i2, . . . , ik} ⊆ [n]. We define G ∗I H as the
graph obtained by taking G and k different copies H1, H2, . . . ,Hk of H and identifying the
root of Hj with vertex vij of G, for 1 ≤ j ≤ k (see Figure 6).
Lemma 4.6. Let G be a graph on vertex set V = {vi | i ∈ [n]} and H another graph
of order m provided with a root. Let I = {i1, i2, . . . , ik} ⊆ [n], N = n + k(m − 1) and let
[N ] = [n]∪⋃k`=1 Ji` be a partition of [N ] such that |Ji` | = m−1 for all 1 ≤ ` ≤ k. Let G∗IH
consist of G and copies Hi1 , Hi2 , . . . ,Hik of H such that V (Hi`) = {vi | i ∈ Ji` ∪ {i`}}, for
1 ≤ ` ≤ k. For any `, `′ ∈ [k], ` 6= `′, let ϕi`,i`′ : Ji` → Ji`′ be the bijection between given
by an isomorphism between Hi` and Hi`′ that sends vi` to vi`′ . If σ ∈ EG ∩ StabSG(I), then
the permutation
σ˜(i) =
{
σ(i), for i ∈ [n]
ϕi`,σ(i`)(i), for i ∈ Ji` , ` ∈ [k]
is in EG∗IH .
Proof. Let σ ∈ EG ∩ StabSG(I). Then there is a feasible-edge replacement rs → kl ∈ RG
with r, s, k, l ∈ [n]. This edge-replacement gives a copy Gσ of G such that σ(i) ∈ I for all
i ∈ I. Then
(G ∗I H)σ˜ = Gσ ∗I H ∼= G ∗I H,
implying that rs→ kl is also a feasible edge-replacement in G∗IH and thus σ˜ ∈ EG∗IH .
Example 4.7. Let G = v1v2v3v4v5 ∼= P5 and H ∼= K1,3 + e, i.e. a star on three peaks
together with an edge joining two of the vertices of degree 1, where we designate one of the
vertices of degree 2 as the root of H. Let I = {2, 3}, J2 = {2, 6, 7, 8}, and J3 = {3, 9, 10, 11}.
Then 4 5→ 1 5 ∈ RG with σ = (1 4)(2 3) ∈ SG(4 5→ 1 5) ∈ EG ∩ StabSG({2, 3}), and ϕ2,3 =
ϕ3,2 = (2 3)(6 9)(7 10)(8 11). It follows by Lemma 4.6 that σ˜ = (1 4)(2 3)(6 9)(7 10)(8 11) ∈
EG∗IH .
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Figure 6: Sketch of a graph G ∗I H and of Example 4.7.
We will describe a family of trees that are constructed via a Fibonacci recursion. We
define T1 = T2 = K2. For i ≥ 2, we define Ti+1 as the tree consisting of one copy T of
Ti−1 and one copy T ′ of Ti, where a vertex of maximum degree of T is joined to a vertex of
maximum degree of T ′ by means of a new edge, see Figure 7. Observe that ∆(Ti) = i − 1
for i ≥ 2, while n(Ti) = 2Fi, being Fi the i-th Fibonacci number. Note also that, for i ≥ 4,
Ti has only one vertex of maximum degree, which we will call the root of Ti. For the case
that i ≤ 3, we will designate one of the vertices of maximum degree as the root of Ti and
this will be the vertex that will be used to attach the new edge in the construction of Ti+1.
Figure 7: Fibonacci amoeba-trees Ti, 1 ≤ i ≤ 6.
Theorem 4.8. Ti is a global amoeba for all i ≥ 1.
Proof. Let T be a tree isomorphic to Ti. Let J be the set of indexes of the vertices of T , i.e.
V (T ) = {vk | k ∈ J} and let c ∈ J such that vc has maximum degree in T . We will show
by induction on i that there is a subset S ⊆ ET ∩ StabST (c) such that 〈S〉 acts transitively
on J \ {c}.
If i = 1, 2, there is nothing to prove. If i = 3, then T ∼= P4, say T = v4v3v1v2
with c = 1. Then the feasible edge-replacements 34 → 24 and 13 → 14 give respectively
the permutations (2 3) and (3 4), which act transitively on {2, 3, 4} = J \ {c}. If i = 4,
then let T be the tree built from the path v4v3v1v2 ∼= T3 and a T2 ∼= K2, given by v5v6,
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and the edge v1v5 joining both trees. Clearly, the only maximum degree vertex is v1 and
thus c = 1. Then the feasible edge-replacements 34 → 24 and 13 → 14 give respectively
the permutations (2 3) and (3 4), which together with the automorphism (3 5)(4 6), act
transitively on [5] \ {1} = J \ {c} leaving c = 1 fixed.
Now suppose that i ≥ 4 and that we have proved the above statement for integer
values at most i. Let T ∼= Ti+1. Hence, |J | = 2Fi+1. For a subset X ⊂ J , we define
VX = {vx | x ∈ X} and TX = T [VX ]. Let J = U ∪ W be a partition of J such that
TU ∼= Ti−1 and TW ∼= Ti. Further, let U = A ∪ B and W = C ∪D be partitions such that
TA ∼= Ti−3, TB ∼= Ti−2, TC ∼= Ti−1, and TD ∼= Ti−2. By construction, vc is the root of TC .
Let a, b, d ∈ J be such that va, vb, vd are the roots of TA, TB, and TD, respectively. Notice
that vavbvcvd is a path of length 4 in T . See Figure 8 for a sketch.
Figure 8: Sketch of the tree T ∼= Ti+1 with its subtrees TU ∼= Ti−1 and TW ∼= Ti, and subsubtrees
TA ∼= Ti−3, TB ∼= Ti−2, TC ∼= Ti−1, and TD ∼= Ti−2.
By the induction hypothesis, there are subsets SU ⊆ ETU ∩ StabSTU (b) and SW ⊆ETW ∩ StabSTW (c) such that 〈SU 〉 acts transitively on U \ {b} and 〈SW 〉 acts transitively
on W \ {c}. Let ŜU = {σ̂ | σ ∈ SU} and ŜW = {σ̂ | σ ∈ SW } with σ̂ as in Lemma 4.4.
Then, by precisely this lemma, ŜU , ŜW ⊆ ET . Moreover, the transitive action is inherited,
i.e., 〈ŜU 〉 acts transitively on U \ {b} and 〈ŜW 〉 acts transitively on W \ {c}.
Consider now the tree T (B,D) that is obtained by identifying all vertices from VB with
vertex vb and all vertices from VD with vertex vd, i. e. we contract the sets VB and VD
each to a single vertex (see Figure 9). Observe that ab→ ad is a feasible edge-replacement
in T (B,D) with τ = (b d) ∈ ST (B,D)(ab → ad), and that T ∼= T (B,D) ∗{b,d} Ti−2. Since
TB ∼= TD ∼= Ti−2, there is a bijection ϕ : B → D given by an isomorphism between TB
and TD such that ϕ(b) = d. Then, by Lemma 4.6, we have that ab → ad is a feasible
edge-replacement in T with τ˜ ∈ ST (ab→ ad) such that
τ˜(i) =

ϕ(i), for i ∈ B
ϕ−1(i), for i ∈ D
i, else,
and which fulfills that τ˜ ∈ ET . Moreover, τ˜ leaves c fixed and so τ˜ ∈ ET ∩ StabST (c). Now
we define
S = ŜU ∪ ŜW ∪ {τ˜}.
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Since 〈ŜU 〉 acts transitively on U \ {b}, and 〈ŜW 〉 acts transitively on W \ {c}, these two
sets together with τ˜ generate a group 〈S〉 that acts transitively on J \ {c}.
Hence, we have shown that if T ∼= Ti, for any i ≥ 1, then there is a subset S ⊆
ET ∩ StabST (c) such that 〈S〉 acts transitively on J \ {c}, where c ∈ J such that vc has
maximum degree in T .
To finish the proof, we will show that there is a permutation ρ˜ ∈ ST such that 〈S ∪{ρ˜}〉
acts transitively on J , meaning that ST acts transitively on J , too, which, by means of
Theorem 3.7(ii), implies that T is a global amoeba. Since we know already that 〈S〉 acts
transitively on J \ {c}, we just need to find a ρ˜ ∈ ST with ρ˜(c) 6= c. Indeed, there such a
permutation ρ˜, namely one produced by the feasible edge-replacement cd→ bd in T , which,
by Lemma 4.6, can be obtained by means of the permutation (b c) ∈ ST (U,C)(cd → bd)
through
ρ˜(i) =

ψ(i), for i ∈ U
ψ−1(i), for i ∈ C
i, else,
where ψ : C → U is the bijection with ψ(c) = b given by an isomorphism between TC and
and TU that sends vc to vb. Hence, Ti is a global amoeba for all i ≥ 1.
Figure 9: Trees T (B,D) and T (U,C).
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